
Towards a dynami
, probabilisti
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eJunyi Dai and Jerome R. BusemeyerIndiana University, BloomingtonAbstra
tMost theoreti
al and empiri
al resear
h on intertemporal 
hoi
e assumes a deterministi
 perspe
tive,leading to the widely adopted delay dis
ounting paradigm. As a form of preferential 
hoi
e, however,intertemporal 
hoi
e might well be probabilisti
 in nature. Two empiri
al studies were 
ondu
ted todemonstrate this property, in whi
h the delay amount e�e
t, 
ommon di�eren
e e�e
t and magnitudee�e
t in intertemporal 
hoi
e were revealed in a probabilisti
 manner. The results, espe
ially thoseasso
iated with the delay amount e�e
t, 
hallenge the traditional deterministi
 view and 
all for al-ternative approa
hes. Consequently, a number of probabilisti
 models were explored and �tted to the
hoi
e response data, in
luding one alternative-wise random utility model, two alternative-wise di�usionmodels, and six attribute-wise di�usion models employing the general framework of de
ision �eld theory.The alternative-wise models were derived from the traditional hyperboli
 dis
ount fun
tion while theattribute-wise models were built upon dire
t and/or relative di�eren
es in money and delay amounts.Furthermore, response times for intertemporal 
hoi
e were re
orded for the �rst time and the di�usionmodels, whi
h assume a dynami
 stru
ture, were also �tted to the response time data so that more in-formation 
an be utilized to �nd a better model. The results showed that attribute-wise di�usion modelsinvolving only dire
t di�eren
es performed the best and were able to a

ount for all three intertempo-ral e�e
ts. In addition, the empiri
al relationships between 
hoi
e proportions and response times are
onsistent with di�usion models and thus favor a dynami
 instead of stati
 model stru
ture.Introdu
tionIntertemporal 
hoi
e refers to the situation in whi
h people need to 
hoose among two or more payo�so

uring at di�erent points in time. We 
an �nd numerous examples from the e
onomi
 world and our dailylives whi
h 
onstitute su
h a s
enario. For instan
e, a de
ision to deposit part of one's in
ome in a bankinstead of spending the money immediately 
an be interpreted as an intertemporal 
hoi
e. In this 
ase, oneoption is to pur
hase some goods with the money to ful�ll one's needs instantly, while the other is to saveit in order to get more money and satisfa
tion in the future. Another example of intertemporal 
hoi
e mayo

ur when you are waiting at a 
ity bus stop. Sometimes an overdue bus 
rowded with passengers arrivesand you need to de
ide whether to get on the bus to save time or wait for another bus that is less 
rowded.Intertemporal 
hoi
e has long been an intriguing topi
 that draws attention of e
onomists, psy
hologists,and de
ision s
ientists. It was introdu
ed by Rae[31℄when addressing the issue of interest and later onelaborated by Fisher[10℄, leading to the well-known dis
ounted utility (DU) model[34℄. Psy
hologists havesin
e put a 
onsiderable amount of e�ort to revise the model from a behavioral perspe
tive. One of themost in�uential fruits from this endeavor is the hyperboli
 dis
ounting model[1, 2, 4, 23, 29℄, whi
h di�ersfrom the DU model mainly in terms of their predi
tion on time-
onsisten
y. At the same time, Loewenstein,Prele
, and Thaler[19, 20, 21, 22℄ explored intertemporal 
hoi
e in an attempt to expand related e
onomi
models to a

ommodate a variety of behavioral anomalies revealed in empiri
al studies. It is 
lear that bothpsy
hologi
al and e
onomi
 resear
h 
ontribute substantially to our knowledge base of this important topi
.Despite a long history of intensive investigation and a ri
h literature, we are still far from a good under-standing of the underlying me
hanism of intertemporal 
hoi
e, i.e. the emotional and 
ognitive pro
essesthat lead to our intertemporal de
isions. Furthermore, some important properties of intertemporal 
hoi
e,su
h as its probabilisti
 nature, have not been systemati
ally probed yet. As a result, the 
urrent paper1



will explore this 
riti
al property of intertemporal 
hoi
e, and at the same time o�ers a des
ription of theunderlying emotional and 
ognitive pro
esses that a

ount for this property. A brief review of the traditionalapproa
hes to intertemporal 
hoi
e and relevant �ndings will serve as a good starting point for that purpose.Traditional approa
hes to intertemporal 
hoi
e and relevant �ndingsIntertemporal 
hoi
e from a dis
ounting perspe
tiveMost of the traditional studies on intertemporal 
hoi
e fo
us on the way people assign subje
tive values orutilitites to immediate or delayed payo�s. The underlying assumption is that people make an intertemporal
hoi
e by �rst 
al
ulating the value of ea
h option and then 
hoosing the option with the higher value.Sin
e a rational person would probably prefer getting a 
ertain amount of money right away over having itpostponed into the future, it is plausible to assume that the value of a payo� de
reases when it is delayed asopposed to when it ful�lls immediately. In other words, the value of a delayed payo� is dis
ounted, whi
hleads up to the 
on
ept of delay dis
ounting. Consequently, dis
overing the appropriate form of dis
ountfun
tion that links the obje
tive value of a payo� to its dis
ounted value due to delay be
ame a pivotalissue in the study of intertemporal 
hoi
e. It turned out that two 
lasses of dis
ount fun
tions attra
t mostattention of the resear
hers in this area, whi
h we will talk about in what follows.Exponential and hyperboli
 dis
ount fun
tionsAs mentioned earlier, intertemporal 
hoi
e is an important topi
 in both e
onomi
s and psy
hology. S
holarsin these two areas, however, have been exploring it from quite di�erent perspe
tives. E
onomists prefer tobuild up their theory and models on abstra
t axioms followed by rigorous mathemati
al derivations[10℄,while psy
hologists try to generate des
riptive models that �t empiri
al data better[2, 23, 18℄. Therefore, theDU model and related exponential dis
ount fun
tion be
ame the most popular tool for e
onomists studyinge
onomi
 a
tivities with a temporal 
omponent, while the hyperboli
 dis
ount fun
tion be
ame the favoriteapparatus of psy
hologists to des
ribe the a
tual pattern of human intertemporal 
hoi
e. A

ording to theDU model, the appropriate dis
ount fun
tion is
D(t) = exp(−δ′t) = δt (1)in whi
h t represents the amount of delay asso
iated with a payo�, and δ is a parameter representing the rateof dis
ounting. The value of δ is typi
ally between 0 and 1 to guarantee delay dis
outing. One important
orollary of this form is the property of dynami
 
onsisten
y, whi
h suggests that people's preferen
e betweentwo intertemporal options should remain the same if both options are brought forward by the same amountof time. That is to say, the preferen
e between the two options should not 
hange as time passes. Dynami

onsisten
y is usually a required 
ondition in e
onomi
 analysis be
ause it is assumed to be a demonstrationof rationality.In reality, however, human beings usually do not behave in a 
onsistent way as suggested by e
onomi
theories. When intertemporal 
hoi
e is of 
on
ern, it means that people tend to alter their preferen
ebetween two intertemporal options when both of them be
ome 
loser or are further delayed to the samedegree. Consequently, a di�erent dis
ount fun
tion is ne
essary to des
ribe this pattern of in
onsisten
y.One of the 
andidates is the widely adopted hyperboli
 dis
ount fun
tion as follows

D(t) =
1

1 + kt
(2)in whi
h t has the same meaning as in Eq. 1 and k is the 
ounterpart of δ. The value of k should be positive toensure delay dis
outing. Unlike the exponential dis
ount fun
tion, the hyperboli
 dis
ount fun
tion predi
tsdynami
 in
onsisten
y of intertemporal 
hoi
e, whi
h is typi
ally found in empiri
al data[3, 9, 12, 27, 38℄. Anumber of similar but di�erent models were also investigated, in
luding two-parameter hyperboloid model[26, 13℄ and two-parameter hyperbola model[30℄. See [24℄ for a 
omparison of the aforementioned models.
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Several important e�e
ts in intertemporal 
hoi
eBesides the phenomenon of dynami
 in
onsisten
y, resear
hers in various area have also investigated someother e�e
ts regarding intertemporal 
hoi
e. For example, Kirby and Marakovi
 [18℄studied the impa
t ofreward magnitude on the dis
ounting parameter in the hyperboli
 dis
ount fun
tion (i.e. Eq. 2) and foundthat it is a de
reasing fun
tion of the size of the delayed reward. Similar results were reported by [14℄and [8℄. This relationship between the dis
ounting parameter in the hyperboli
 dis
ount fun
tion and thesize of delayed reward is usually termed as the magnitude e�e
t in intertemporal 
hoi
e. In an attemptto put intertemporal and risky 
hoi
e under a 
ommon theoreti
al framework, Prele
 and Loewenstein[28℄ summarized the analogy between these two resear
h topi
s in terms of a number of related e�e
tsand proposed a set of assumptions upon whi
h plausible a

ounts for these e�e
ts 
an be generated. Themagnitude e�e
t in intertemporal 
hoi
e is just su
h an e�e
t, whose 
ounterpart in risky 
hoi
e is the so-
alled �peanuts e�e
t�, i.e. risk taking for small gains and risk aversion for large gains. In order to explain themagnitude e�e
t in intertemporal 
hoi
e, the authors put forward an assumption of in
reasing proportionalsensitivity, whi
h suggests that multiplying the value of a spe
i�
 attribute a
ross all alternatives will shiftmore weight to the attribute. Consequently, for example, if one is indi�erent between re
eiving 10 dollarsnow and re
eiving 20 dollars in 20 days, he/she should prefer re
eiving 200 dollars in 20 days to re
eiving100 dollars now. This is due to the fa
t that the reward amount is multiplied by a 
onstant, i.e. 10, andthus it be
omes more important in the de
ision. As a result, an option with a higher value on the attributewill be more attra
tive than the other one. If we 
al
ulate the dis
ounting rate for the two delayed rewards,
learly the dis
ounting rate for the latter will be lower.The assumption of in
reasing proportional sensitivity 
an be applied to the attribute of delay amountas well. Spe
i�
ally, a

ording to the assumption, if the delay amounts of both options in an intertemporal
hoi
e problem are in
reased by a 
ommon multipli
ative 
onstant, delay amount will be
ome more de
isiveand the option with a shorter delay (i.e. a more desirable option in terms of delay amount) will be morepreferable. For example, if one is indi�erent between re
eiving 10 dollars in 10 days and re
eiving 20 dollarsin 20 days, he/she should prefer re
eiving 10 dollars in 20 days to re
eiving 20 dollars in 40 days. We labelthis as the delay amount e�e
t to di�erentiate it from the (reward) magnitude e�e
t dis
usses above. Thise�e
t has not be as intensively studied as the magnitude e�e
t, but it deserves a 
lose look if we want toobtain a 
omprehensive understanding of intertemporal 
hoi
e and develop 
ognitive models a

ordingly. Inaddition, it turns out to be a useful tool to demonstrate the probabilisti
 nature of intertemporal 
hoi
e,whi
h is one of the major goals of this paper.Another e�e
t in intertemporal 
hoi
e explored in [28℄ is the 
ommon di�eren
e e�e
t, whi
h 
an beviewed as a generalized 
ase of the immedia
y e�e
t. Again, suppose that one has no preferen
e betweengetting 10 dollars in 10 days and getting 20 dollars in 20 days. A

ording to the 
ommon di�eren
e e�e
t,if we redu
e both delays by the same amount, say, 5 days, then the person should prefer the option with ashorter delay. That is to say, he/she will 
hoose getting 10 dollars in 5 days as opposed to getting 20 dollarsin 15 days. If, by redu
ing both delays, the early option will take pla
e immediately, the resultant 
hange inpreferen
e is a
tually a demonstration of the immedia
y e�e
t. To a

ount for these two e�e
ts, Prele
 andLoewenstein added an assumption of de
reasing absolute sensitivity to their general framework. Spe
i�
ally,the assumption suggests that in
reasing the absolute magnitude of an attribute on both alternatives by a
ommon additive 
onstant will make the attribute less signi�
ant for the de
ision. In other words, to make anattribute more de
isive, we need to de
rease the absolute magnitude of the attribute by a 
ommon (positive)
onstant. In the 
urrent situation, it means that if both options are brought forward by the same amountof time, the earlier option will appear more desirable. Obviously this is also related to the phenomenon ofdynami
 in
onsisten
y mentioned above: When the delays are substantially in
reased or de
reased to thesame degree, a preferen
e reversal will show up a

ording to the 
ommon di�eren
e e�e
t and the assumptionof de
reasing absolute sensitivity.Alternative approa
hes to intertemporal 
hoi
eAlthough intertemporal 
hoi
e has long been studied from a dis
ounting perspe
tive and a variety of e�e
tshave been explored, leading to several distin
t models, most of the 
on
lusions and interpretations are basedon a spe
i�
 approa
h to this important phenomenon. First of all, a large majority of existing models onintertemporal 
hoi
e, in
luding the hyperboli
 dis
ounting model and its variants, assume a deterministi
3



view on human 
hoi
e behavior. A

ording to this view, when required to make 
hoi
es between the same pairof options repeatedly, an individual will always have the same preferen
e and thus 
hoose the same option.Se
ond, to the best of our knowledge, all existing models are stati
 in the sense that they do not provide ades
ription of the underlying pro
esses giving rise to the expli
it responses. For the same reason, none ofthem ever attempts to address a very important measure in psy
hologi
al resear
h, i.e. the response timeasso
iated with a spe
i�
 
hoi
e. Third, most of the 
urrent models presume that intertemporal 
hoi
es area

omplished in an alternative-wise manner (see [35℄ for a dis
ussion). Su
h an approa
h demands that people�rst �gure out the utility of ea
h option independently and then make an expli
it 
hoi
e by 
omparing theirutilities. This 
on
ept is one of the 
ore assumptions of the dis
ounting perspe
tive on intertemporal 
hoi
e;indeed, delay dis
ounting is su
h an important fa
et of intertemporal 
hoi
e that the two terms have be
omeinter
hangeable. In a nutshell, most traditional models of intertemporal 
hoi
e assume a deterministi
,stati
, and alternative-wise view on the topi
, whi
h might impose an unne
essary 
onstraints. Therefore,the 
urrent arti
le is intended to trans
end these boundaries to introdu
e a di�erent, and potentially morerealisti
 a

ount of intertemporal 
hoi
e. First, let us explore several potential alternatives to the traditionalapproa
h.Deterministi
 vs probabilisti
 approa
hesA probabilisti
 approa
h to intertemporal 
hoi
e, whi
h does not assume perfe
t 
onsisten
y in people'spreferen
e between a pair of options presented repeatedly, is a reasonable alternative to the traditionalapproa
h. Although the probabilisti
 nature of intertemporal 
hoi
e has not been intensively examinedin the past, it is not hard to �nd its 
ounterpart in risky 
hoi
e s
enarios. Ever sin
e the early daysof behavioral studies on risky 
hoi
e, strong support for its probabilisti
 nature has been reported. Forexample, Mosteller and Nogee [25℄demonstrated that individuals were often in
onsistent in their preferen
esfor simple gambles over repeated o

asions. A

ording to a deterministi
 perspe
tive on risky 
hoi
e, thepreferen
e fun
tion should assume a step form with a leap at whi
h the two options are indi�erent for anindividual. The empiri
al preferen
e fun
tion, however, was strikingly similar to a psy
hometri
 fun
tiontypi
ally obtained from a per
eption study. This suggests that a deterministi
 model will be insu�
ientto a

ount for the 
omplexity of human risky 
hoi
e. It might well be the 
ase that the same pattern willo

ur in intertemporal 
hoi
e. Furthermore, when the method of limits is utilized to obtain indi�erent pairsof intertemporal options as in 
lassi
al psy
hophysi
al studies on per
eption, individuals' 
uto� points tendto vary a
ross o

asions and presenting orders. In other words, people's preferen
e between 
ertain pairsof intertemporal options might 
hange ba
k and forth, whi
h is beyond the s
ope of a deterministi
 model.The 
urrent paper will explore this property of intertemporal 
hoi
e and develop models a

ordingly.Stati
 versus dynami
 approa
hesAnother de�
it of the traditional approa
h to intertemporal 
hoi
e is its failing to o�er an a

ount of theunderlying pro
esses whi
h 
ulminate in one's expli
it 
hoi
e. Although stati
 models of human de
isionmaking are relatively easier to 
onstru
t and are 
apable of explaing a variety of empiri
al results, theiromission of the underlying emotional and 
ognitive pro
esses renders them less 
ompetitive than dynami
ones. In addition, without a pro
ess des
ription, stati
 models of de
ision making have nothing to say aboutresponse time and its distribution. Nevertheless, response time obviously provides important informationabout how people make expli
it responses and 
an be utilized to distinguish between models with similarpredi
itions on 
hoi
e probabilities. A number of dynami
 models of de
ision making have hen
e beenproposed and applied to empiri
al results that are beyond the means of stati
 models. Among them, de
ision�eld theory (DFT) by Busemeyer and Townsend[6, 7℄ may be the most su

essful one. It is a dynami
 modelin the sense that it des
ribes in detail the deliberation pro
ess when several 
ompeting options are presentedand one needs to determine whi
h to 
hoose. Given the similarity between intertemporal 
hoi
e and risky
hoi
e ([28℄), it is quite likely that the deliberation pro
ess assumed by DFT 
an also be utilized to a

ountfor the e�e
ts regarding intertemporal 
hoi
e.
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Alternative-wise versus Attribute-wise approa
hesAs mentioned earlier, the traditional approa
h to intertemporal 
hoi
e assumes an alternative-wise perspe
-tive, whi
h is 
onsistent with the 
on
ept of utility maximization frequently invoked in numerous theories on
hoi
e behavior, su
h as the expe
ted utility theory [39℄ and 
umulative prospe
t theory [16, 37℄. However,some 
omputational models of risky 
hoi
e suggest that people a
tually employ an attribute-wise approa
hto make a de
ision. For example, the priority heuristi
 [5℄ suggests that de
ision makers �rst 
ompare theminimum out
omes between two gambles of gains and 
hoose the one with a higher minimum out
ome ifthe 
orresponding di�eren
e is no less than one tenth of the maximum gain. If the stopping 
ondition atthe previous stage is not satis�ed, a 
omparison of probabilities will follow. In other words, a

ording tothe priority heuristi
, people rea
h a de
ision by 
omparing di�erent options along spe
i�
 attributes. Sim-ilarly, DFT also assumes an attribute-wise approa
h in the sense that di�eren
es within various attributesa
ross options are the building blo
ks of the eviden
e a

umulation pro
ess. Given the apparent analogybetween intertemporal and risky 
hoi
e, it may well be the 
ase that people adopt an attribute-wise strategywhen presented with a pair of intertemporal options with di�erent gains and delays. In fa
t, S
holton andRead (2010) proposed an attribute-wise but deterministi
 model to intertemporal 
hoi
e whi
h a

ommo-dates some anomalies that the alternative-wise dis
ounting approa
h 
annot address. In this arti
le, we willexplore a di�erent family of attribute-wise models whi
h assume a probabilisti
 perspe
tive as well. Spe
i�-
ally, we will develop di�usion models on intertemporal 
hoi
e utilizing the general framework of DFT. Su
hmodels might provide us with a better des
ription of the 
omparison pro
ess when 
hoosing between optionso

uring at di�erent time points.A brief review of DFT and Proportional Di�eren
e (PD) ModelBasi
s of DFTSin
e DFT will be the major tool for developing 
ognitive models of intertemporal 
hoi
e in the 
urrentpaper, it is ne
essary to review the 
riti
al features of the theory before exploring more te
hni
al details.First of all, DFT belongs to the broad 
lass of sequential sampling models and it was the �rst appli
ation ofsu
h models to de
ision making under risk and un
ertainty. One of the 
ommon assumptions of sequentialsampling models is an eviden
e a

umulation pro
ess upon whi
h a �nal de
ision is made. Spe
i�
ally,information or eviden
e for and against ea
h option is 
olle
ted and a

umulated sequentially during thedeliberation stage until the strength of eviden
e for one of the options rea
hes a threshold. At that time,a de
ision is made to 
hoose the exa
t option that rea
hes the threshold, and the deliberation time, alongwith the time for other non-de
isional 
omponents, determine the a
tual response time. There are twogeneral types of sequential sampling models in terms of the stopping rule used in the a

umulation pro
ess:models with a relative stopping rule and those with an absolute stopping rule. For a sequential samplingmodel with a relative stopping rule, eviden
e in favor of one option is eviden
e against the other option,while models assuming an absolute stopping rule usually presume that there are separate a

umulators or
ounters for di�erent alternatives and only favorite eviden
e is a

umulated. In other words, the amountof eviden
e a

umulated for various options do not need to be 
orrelated. Another 
riterion to 
ategorizesequential sampling models is the time s
ale involved in the a

umulation pro
ess. Some models assume thateviden
e is sampled at dis
rete time points while others are more general in that eviden
e 
an be 
olle
tedand a

umulated 
ontinuously along time. DFT turns out to be a model with a relative stopping rule and
ontinuous time s
ale, i.e., a di�usion model, although in some appli
ations it 
an be approximated by adis
rete-time random walk model. See [32℄ for a review and 
omparison of sequential sampling models forbinary de
isions.Usually there are �ve parameters involved in the implementation of DFT to binary 
hoi
e tasks. The�rst one is the drift parameter, d, whi
h re�e
ts the mean rate of information a

umulation. The larger thedrift parameter, the less time it takes to a make a de
ision on average. The se
ond one is the thresholdon eviden
e strength, θ, whi
h determines when the a

umulation pro
ess should stop. The higher thethreshold, the longer it takes to make a 
hoi
e. The third parameter is the initial level of eviden
e in thea

umulation pro
ess, whi
h 
an be viewed as a measure of bias towards a spe
i�
 response. The fourth one,
Ter, represents the amount of time asso
iated with non-de
isional 
omponents in a spe
i�
 task; it is requiredfor �tting response time distributions. Finally, the di�usion parameter, σ, re�e
ts the amount of varian
e5



in the instantaneous rate of eviden
e a

umualtion within the di�usion pro
ess. If there is no variability ininstantaneous drift rate at all, the traje
tory of a

umulated eviden
e will 
onstitute a straight line and theresponse and response time will be deterministi
. Therefore, a non-zero σ is ne
essary for a probabilisti
model of binary 
hoi
es. It is more often than not thatσ
an be treated as a s
aling parameter and thus itis unne
essary to estimate it expli
itly. However, in our appli
ation of DFT to intertemporal 
hoi
e, σ willbe determined from attribute values and other parameters, and thus not a trivial one. See for more detailsabout potential di�usion models on intertemporal 
hoi
e.Su

essful appli
ationsAlthough developed initially as a 
ognitive model of de
ision making under risk and un
ertainty, DFTwas later on generalized to a variety of other task environments with 
onsiderable su

ess. For example,[33℄ proposed a multiple-alternative version of DFT to a

ount for three well-established 
ontextual e�e
ts
on
erning triadi
 
hoi
es, i.e., the similarity e�e
t, the 
ompromise e�e
t, and the attra
tion e�e
t. Beforethat, a number of distin
t theories had been put forward to a

ount for these e�e
ts separately, but none ofthem 
an provide a 
onsistent explanation for all the three e�e
ts as DFT. To the 
ontrary, the revised versionof DFT 
an predi
t all the e�e
ts simultaneously with a parsimonious and 
onsistent set of assumptions aboutthe underlying deliberation pro
ess. Similarly, [15℄developed a sequential value-mat
hing model based onDFT indi�eren
e model to a

ount for various preferen
e reversal phenomena that had previously eludeda general theory. All these fruitful appli
ations of DFT suggest that it really 
aptures the fundamentalpro
esses involved in human 
hoi
e behavior. As a result, we 
an apply the general framework of DFT tointertemporal 
hoi
e tasks to 
ompare to other models.Basi
s of the PD modelThe Proportional Di�eren
e (PD) model [11℄ is another probabilisti
 model of 
hoi
e behavior based on whi
hthe 
urrent work was developed. This is an attribute-wise model 
apable of explaining several importantviolations of normative axioms of de
ision making. A

ording to the PD model, when people need to 
hoosebetween a pair of options with multiple attributes, they �rst 
ompute the proportional di�eren
e within ea
hattribute and then rely on a linear 
ombination of these di�eren
es to obtain a general evaluation of ea
hoption. Consider two options de�ned as A = (a, p) and B = (b, q), where a and b are values of the �rstattribute, and p and q are values of the se
ond. Also let us suppose that a > b and p < q. In the simplestversion of the model, the proportional di�eren
e within the �rst attribute is de�ned as max{|a|,|b|}−min{|a|,|b|}
max{|a|,|b|}and similarly the proportional di�eren
e in the se
ond attribute is de�ned as max{|p|,|q|)−min{|p|,|q|}

max{|p|,|q|} . Be
auseoption A is superior to option B on the �rst attribute but less attra
tive on the se
ond, subtra
ting these
ond di�eren
e from the �rst one will result in a general evaluation of option A. This general evaluationwill then serve as the mean of a normal distribution, based on whi
h the 
hoi
e probability of option A 
anbe determined. The other two quantities required for determining the probability of 
hoosing option A area parameter on personal de
ision threshold ,δ, and the standard deviation, σ, of the normal distribution.Spe
i�
ally,
P (A) = Pr(z ≤ (d− δ)/σ)in whi
h d = max{|a|,|b|}−min{|a|,|b|}

max{|a|,|b|} −max{|p|,|q|)−min{|p|,|q|}
max{|p|,|q|} . The rationale for the equation is that, a

ordingto the PD model, option A will be 
hosen if and only if the general evaluation plus a normally distributeddisturban
e ex
eeds the persoanl de
ision threshold. Consequently, we 
an interpret σ as the standarddeviation of the random disturban
e on the general evaluation.Distin
tions between DFT and the PD modelThe PD model is distin
t from DFT in two major aspe
ts. First, it is a stati
 model without any a

ount ofthe underlying deliberation pro
ess and thus unable to predi
t response time distributions. This is a severedrawba
k of stati
 models whi
h makes them less valuable than dynami
 ones like DFT. Se
ond, althoughboth models are attribute-wise in the sense that di�eren
es within attributes are the raw material from whi
ha general preferen
e level 
an be generated, DFT usually utilizes dire
t di�eren
es between options (a−b and6



p − q in the example above) while the PD model relies on proportional or relative di�eren
es. The se
onddistin
tion might lead to quite di�erent predi
tions on 
hoi
e probability between the two models. Oneimportant property of the PD model is the 
onstant ratio rule, whi
h states that in
reasing the attributevalues of both options by the same porportion will not produ
e a 
hange in 
hoi
e probability. To the
ontrary, DFT usually predi
ts a di�erent 
hoi
e probability in this 
ase. One of the goals of the 
urrentarti
le is to examine the validity of both types of di�eren
es in intertemporal 
hoi
e and develop modelsa

ordingly.Basi
s of random utility modelsAlthough di�usion pro
esses are widely used to model probabilisti
 phenomena, several other ways existfor the same purpose. For example, we 
an also develop probabilisti
 models on intertemporal 
hoi
e byintrodu
ing random 
omponents into the traditional deterministi
 models to generate 
orresponding randomutility models. Histori
ally, random utility models might be the �rst 
lass of models explored to a

ountfor the probabilisti
 nature of preferential 
hoi
e. The major di�eren
e between random utility models anddeterministi
 ones lies in the way that the utility of a given payo� is assigned. A

ording to a deterministi
interpretation of utility, any option or payo� is asso
iated with a �xed utility a
ross trials. Therefore, whenpeople are required to 
hoose between a pair of options repeatedly, their preferen
e should not 
hange fromtrial to trial. To the 
ontrary, a random utility model assumes that the utility of a given option might varya
ross trials and thus people's preferen
e between the same pair of options may 
hange from time to time.It is worthy noting that, although random utility models di�er from deterministi
 ones in terms of utilityvariability, the de
ision rules are the same for these two types of models. That is to say, both 
lasses of modelsassume that people always 
hoose the option with a higher utility at a given instant, no matter whether itis a realization of a random variable at that moment or a 
onstant value a
ross time. Mathemati
ally, theprobability of 
hoosing option A from a pair of options {A, B} equals
P (A|{A,B}) = P (UA > UB|{A,B}) (3)in whi
h UA and UB are the random utility of options A and B respe
tively. Equation 3 is the generalform of random utility models. In order to apply random utility models in real situations, we still need tospe
ify the joint distribution fun
tion of the random utilities so that 
hoi
e probabilities 
an be determineda

ordingly. One 
ommonly used distribution is the multivariate normal distribution. In this 
ase, the utilityof ea
h option follows a univariate normal distribution and the utilites jointly follow a multivariate normaldistribution. If we 
an further assume that the utilities are independent of one another and the varian
eof marginal distributions are the same, the resultant random utility model is a
tually Thurstone's Case Vmodel. Spe
i�
ally, this model assumes that

UA − UB ∼ N(µA − µB, σ
2)and thus

P (A|{A,B}) = Φ(
µA − µB

σ
) (4)in whi
h µA and µB represent the average utility of options A and B respe
tively, and σ is a measure ofthe variability in 
hoi
e response. A Thurstone Case V model on intertemporal 
hoi
e will be explored and
ompared to di�usion models in this arti
le to show the advantage of the latter.Purposes of the studyThe 
urrent paper is intended to ful�ll �ve major goals. First, it will demonstrate that, just like in risky
hoi
e s
enarios, people's preferen
e for intertemporal options are probabilisti
 in essen
e. Previous resear
hon this topi
 simply ignored the issue of preferen
e variability in empiri
al data or treated it as a trivial
omponent whi
h 
ould be minimized by using more 
ompli
ated models. It is very likely that we mightmiss pre
ious information revealed in a
tual data due to our negle
t of the un
ertainty in intertemporalpreferen
e. Se
ond, dynami
 and probabilisti
 models will be developed to a

ount for the probabilisti
nature of intertemporal 
hoi
e and to explain the relevant e�e
ts a

ordingly. We will show that sampled7



di�eren
es in the eviden
e a

umulation pro
ess play a 
riti
al role in these interpretations. Third, the samedi�usion models will be �tted to the response time data so that dynami
 models 
an be further 
ompared toone another and the resultant winning model 
ould obtain more support. To our best knowledge, this is the�rst time that response time in intertemporal 
hoi
e or delay dis
ounting tasks has been seriously examinedand modelled. Fourth, both attribute-wise and alternative-wise models using the general framework of DFTwill be explored and 
ompared. Most existing models on intertemporal 
hoi
e assume an alternative-wiseperspe
tive but an attribute-wise perspe
tive may a
tually perform better. Finally, the models based onDFT will be 
ompared to a random utility model extended from the traditional hyperboli
 model to showthe advantage of dynami
 models over stati
 ones.Study 1To demonstrate the probabilisti
 nature of intertemporal 
hoi
e, an experiment was 
ondu
ted using a broadrange of intertemporal 
hoi
e questions. The stimuli were so 
hosen that the delay amount e�e
t, 
ommondi�eren
e e�e
t, and magnitude e�e
t in intertemporal 
hoi
e 
ould be measured in a probabilisti
 manner.That is to say, the a
tual 
hoi
e proportion of either the smaller-but-sooner (SS) option or the larger-but-later (LL) option would 
hange gradually while attribute values varied as required by those e�e
ts. Afterestablishing the probabilisti
 nature of intertemporal 
hoi
e, a variety of 
ognitive models were �tted to theempiri
al data on 
hoi
e response. Di�usion models were also �tted to data on 
hoi
e response and responsetime simultaneously so that we 
an gain more 
on�den
e in the resultant winning model.MethodMaterialsBe
ause previous resear
h on delay dis
ounting revealed substantial individual di�eren
e in dis
ounting rate,it is ne
essary to generate distin
tive intertemporal 
hoi
e questions for ea
h subje
t. In this way, a
tual
hoi
e proportions will vary in a wide range rather than getting stu
k to extreme values. Therefore, for everysubje
t, an adjustment pro
edure was used to generate three pairs of approximately indi�erent options, onefor ea
h of the aforementioned e�e
ts in intertemporal 
hoi
e. In ea
h 
ase, three of the four attributevalues involved in a pair of intertemporal options were �xed and the remaining one varied from trial to triala

ording to subje
ts' responses to the previous question. For the questions related to the delay amounte�e
t, the shorter delays were �xed at 20 days; the longer delay were �xed at 60 days; and the larger rewardswere always 36 dollars. The remaining attribute value, i.e., the smaller reward amount, was initially setat 20 dollars and altered 
ontingent on subje
ts' responses. For example, if one 
hose the LL option fora spe
i�
 pair of options, the smaller reward amount would in
rease in the next question, and vi
e versa.Similarly, for the questions related to the 
ommon di�eren
e e�e
t, the shorter delays were �xed at 20 days;the longer delays were �xed at 60 days; and the larger reward amounts were always 32 dollars. The smallerreward amount started from 16 dollars and again 
hanged a

ording to subje
ts' previous response. Finally,for the questions 
on
erning the magnitude e�e
t, the smaller rewards, the larger rewards, and the shortdelays were �xed at 20 dollars, 40 dollars, and 8 days respe
tively. The longer delay was initially set at 20days and 
hanged in the same manner as the other questions.For ea
h e�e
t, 600 formal questions were then 
reated based on the indi�erent pair generated using theadjustment pro
edure. Spe
i�
ally, in the formal questions 
on
erning the delay amount e�e
t, the longerdelays were always three times as long as the shorter ones, whi
h ranged between 1 day and 40 days. For ea
hpair of delays, asso
iated reward amounts were then jiggled from those in the indi�erent pair to generate15 questions that were a little di�erent from one another but pra
ti
ally the same. The purpose of thismanipulation was to avoid having subje
ts respond to the same 
hoi
e questions repeatedly to minimize thepotential impa
t of memory. Furthermore, the tens digits of the smaller rewards in these questions werealways the same, and this was also the 
ase for the larger rewards. (See Appendix A for exemplar questions.)All in all, 600 (40 by 15) questions were generated based on the indi�erent pair in this way. The very methodwas employed to generate the same number of questions for the 
ommon di�eren
e e�e
t and magnitudee�e
t respe
tively. See Appendix A for a sample of the questions a typi
al subje
t answered in Study 1. SeeFigure 1 for a s
reenshot of the experimental software used in the study.8



Figure 1. A s
reenshot of the experimental software used in Studies 1 and 2. Parti
ipants reported theirde
isions by 
li
king the left or right mouse button for options at the 
orresponding position. The SS optionswere always shown on the left, and the LL options were always shown on the right.Parti
ipantsTen parti
ipants (5 females and 5 males) with an average age of 27 were re
ruited at a publi
 resear
huniversity via advertisement on noti
e boards. All the parti
ipants re
eived payment for their parti
ipation.Spe
i�
ally, for ea
h parti
ipant, one intertemporal 
hoi
e question was randomly pi
ked from his/her ques-tion set and the person was paid the amount of money he/she 
hose in that question. In addition, there wasa baseline payment of 16 dollars in addition to the amount 
ontingent on the randomly sele
ted question.The date of payment was also determined by the time delay parti
ipants 
hose in the randomly sele
tedquestion. The average payment was about 42 dollars.Pro
edureThis study 
onsisted of four sessions, with subsequent sessions for ea
h subje
t one week apart. All instru
-tions and questions were presented on a 
omputer s
reen and subje
ts used a mouse to make responses.The experimental setting was realized by a set of programs in Matlab together with the Cogent toolbox tore
ord both 
hoi
e responses and response times. In ea
h session, subje
ts needed to answer 450 intertem-poral questions by indi
ating their 
hoi
e with a mouse 
li
k. To minimize the fatigue e�e
t, two majorbreaks and 
ontingent short breaks were inserted into ea
h session. Questions asso
iated with the threeintertemporal e�e
ts were in
luded in ea
h session, and they were divided into the four sessions in su
h away that questions in di�erent sessions were 
omparable to one another and ea
h session 
ontained the samenumber of questions of ea
h type. In ea
h session, di�erent types of questions were presented in a randomorder so that su

essive questions appeared to be irrelevant to one another. The adjustment pro
edure togenerate indi�erent pairs was run in the �rst session before all formal questions were 
reated and presented.Furthermore, a pra
ti
e se
tion was provided at the beginning of the �rst session so that subje
ts 
ouldget familiar with the intertemporal 
hoi
e task. Subje
ts were instru
ted throughtout the whole study totake into a

ount all pie
es of information involved in ea
h question and think them over before makinga 
hoi
e. They were also reminded of the payment plan that one question would be randomly pi
ked andthey would get the 
hosen amount of money at the spe
i�ed delay. In the �rst two sessions, subje
ts wereinstru
ted to make 
areful 
hoi
es, while in the last two sessions, they were instru
ted to make 
areful butqui
k responses. If their responses were too fast in the �rst two sessions or too slow in the last two sessions,a warning sign would pop up. The thresholds on a

eptable response time were mainly determined fromsubje
ts' performan
e in the pra
ti
e se
tion and thus varied among subje
ts. In the �rst two sessions, thelower threshold was typi
ally above 3000ms, while in the last two sessions it was �xed at 1500ms. The latterwas 
hosen to guarantee enough time for parti
ipants to read the attribute values. There was also an upperlimit in the last two sessions, whi
h was at least 3000 ms. Finally, one �ller question with a dominatedoption, i.e., a smaller reward with a longer delay, was presented after ea
h set of 25 formal questions. If9



subje
ts 
hose the dominated option in a �ller question, a warning sign would pop up, whi
h asked for moreattention and at the same time provided subje
ts with a short break if they wanted.Model spe
i�
ation and �tting methodA total of nine distin
t models of intertemporal 
hoi
e will be explored in this arti
le. Eight of them aredi�usion models and the remaining one is a random utility model. Six of the di�usion models utilize thegeneral framework of DFT, whi
h assumes a dynami
 and attribute-wise approa
h. The other two di�usionmodels are alternative-wise and have the hyperboli
 dis
ount fun
tion as their 
ore. As mentioned in Se
tion, we need to determine the values of �ve parameters (d, σ, θ, z and Ter) when modeling a spe
i�
 
hoi
ebehavior with DFT. When intertemporal 
hoi
e is of 
on
ern, it means that we shall relate these parametersto either the intertemporal options presented to parti
ipants or the a
tual data on 
hoi
e response andresponse time. A

ording to DFT, the eviden
e a

umulation pro
ess is a sto
hasti
 pro
ess and the amountof information sampled at a spe
i�
 time is a random variable due to attentional shift. In the 
urrentappli
ations of DFT, we assume that at a given time, people attend to either the money amounts or thedelay amounts and take the di�eren
e between options as the eviden
e for or against ea
h option. We 
aninterpret the eviden
e as a�e
tive impa
t pushing people towards one option or the other. The eviden
ewill then be a

umulated until a 
ertain threshold is rea
hed. When either dire
t or relative di�eren
es are
onsidered in a model, we need a free parameter, w, to represent the attention weight to money amount (theattention weight to delay amount will be 1 − w by de�nition). When both dire
t and relative di�eren
esare 
onsidered, it is assumed that subje
ts will sample one of the four possible di�eren
es (dire
t/relativeby money/delay) at a spe
i�
 time, and thus we need three attention weight parameters whi
h are freeto vary. Furthermore, utility fun
tions are ne
essary for transforming the obje
tive values of money anddelay into their subje
tive utilities before di�eren
es are sampled. This will introdu
e additional parametersinto our models. Both attention weight and utility parameters, together with attribute values in a spe
i�
question, will be used to determine the values of d and σ. The remaining three parameters, θ, z, and Terwill be treated as free parameters and estimated from the data. To sum up, in our models of intertemporal
hoi
e based on DFT, parameters d and σwill be repla
ed by attention weight and utility parameters andparameters θ, z, and Ter will have the same meaning as usual.Sin
e the building blo
ks of the six di�usion models based on DFT are the dire
t and/or relative di�eren
esin the two attributes involved in intertemporal 
hoi
e, i.e., money and delay, they will be referred to asweighted additive di�eren
e models from now on. The �rst and simplest model involves only the dire
tdi�eren
es and uses identi
al utility fun
tions on both attributes. As a result, there are only four parameters(w, θ, z, and Ter) in this model, and it will serve as a baseline for subsequent model 
omparison. These
ond model again only involves the dire
t di�eren
es but it uses power utility fun
tions, leading to asum of six parameters (w,α, β, θ, z, and Ter). The third model is identi
al to the se
ond one ex
ept foran additional s
aling parameter in the utility fun
tion of time delay. Consequently, the utility fun
tionfor time delay in this model is U(x) = cxβrather than simply U(x) = xβ . The fourth model 
onsidersonly the relative di�eren
es in money and delay amounts, resulting in a sum of six parameters (w, γ, δ, θ, z,and Ter). This model generalizes the 
on
ept of proportional di�eren
e in the PD model and in
orporatesit into the general framework of DFT. Therefore, we 
an examine the usefulness of relative di�eren
es inintertemporal 
hoi
e tasks by 
omparing the performan
e of this model to that of others. Finally, the lasttwo models are the most 
omprehensive ones whi
h involve both dire
t and relative di�eren
es. As a result,more parameters are ne
essary in these model. Spe
i�
ally, the �fth model involves a total of 10 parameters(w1,w2, w3, α, β, γ, δ, θ, z, and Ter), while the sixth model 
ontains an additional s
aling parameter on timedelay when dire
t di�eren
e is of 
on
ern.Two alternative-wise di�usion models are explored as well so that their performan
e 
an be 
ompared tothat of attribute-wise di�usion models. In this 
ase, we assume that drift parameter is determined by thedi�eren
e in dis
ounted utility and at the same time, retain an eviden
e a

umulation perspe
tive as in otherdi�usion models. Spe
i�
ally, in both alternative-wise models, the traditional hyperboli
 dis
ount fun
tionis utilized to 
al
ulate the dis
ounted utility for both payo�s in a spe
i�
 question and the 
orrespondingdi�eren
e is assigned to the drift parameter, d. The hyperboli
 model is 
hosen as the foundation of thesealternative-wise models be
ause it appears to be the most popular deterministi
 model so far, at least amongpsy
hologists.The di�usion parameter, σ, was �gured out di�erently in these two models. In one of the10



models, we treated it as a free parameter, while in the other model, we set σ2 proportional to the sum ofdelay amounts. For the former, we assume that the amount of un
ertainty asso
iated with ea
h dis
ountedutility is the same a
ross payo�s, while for the latter, we suppose that the longer a payo� is delayed, themore un
ertain its dis
ounted utility will be. We also assume that the utilities of the two payo�s in aquestion vary independently in both models. Conventionally, when the hyperboli
 dis
ount fun
tion is used,no utility fun
tion is applied to either the money amount or the delay amount. To make the models a littlemore �exible and similar to other di�usion models based on DFT, we a
tually used a power utility fun
tionfor the money amount. No utility fun
tion was applied to delay amount so that the hyperboli
 dis
ountfun
tion 
ould retain its original form. All the other elements of di�usion models were implemented in thesame way as before.In order to 
ompare dynami
 versus stati
 models on intertemporal 
hoi
e, a random utility modelextended from the hyperboli
 model is also explored here. The extension is ne
essary be
ause previousmodels on intertemporal 
hoi
e are all deterministi
 and thus 
an neither a

ount for its probabilisti
 naturenor make predi
tions on 
hoi
e probabilities and response time distributions. There are three parametersinvolved in the model, and it will be used to predi
t 
hoi
e probabilities so that its performan
e 
an be
ompared to those of the models based on DFT. The �rst parameter is the dis
ounting parameter, k, asin the traditional dis
ount fun
tion. The se
ond parameter is a utility parameter, α, whi
h representsthe exponent of the power utility fun
tion for money. These two parameters will be used to 
al
ulate thedis
ounted utility of an intertemporal option. The last parameter, σ, is a measure of the variability of 
hoi
eresponse as in Equation 4. With all three parameters, we are able to 
al
ulate the 
hoi
e probability of aspe
i�
 option in an intertemporal 
hoi
e question.For all the aforementioned models, maximum likelihood estimation were used to estimate the relevantparameters and BIC index was 
al
ulated as an index for model sele
tion. Sin
e the models tested inthis arti
le di�er in number of parameters, we need to take into a

ount the issue of model 
omplexitywhen 
omparing models. The BIC resolves this problem by introdu
ing a penalty term for the number ofparameters in a model. Consequently, a lower BIC value suggests a better balan
e between goodness-of-�tand model 
omplexity and thus a more desirable model[36℄. The models were �tted to individual data andthe SIMPLEX algorithm was employed (using the fminsear
h fun
tion in Matlab) to �nd the maximumlikelihood estimates of the parameters for ea
h subje
t. See Appendix B for more details on the model�tting pro
edure.ResultsChoi
e patterns for the questions related to various intertemporal e�e
tsTo demonstrate the probabilisti
 nature of intertemporal 
hoi
e and examine whether various intertemporale�e
ts a
tually show up in a probabilisti
 way, we �rst investigated the 
hoi
e patterns for di�erent typesof questions. Be
ause ea
h pair of options was only presented on
e, it was impossible to estimate the 
hoi
eprobabilities for a single pair. However, we 
an 
ombine di�erent but similar questions together to obtain anapproximate measure on 
hoi
e probabilities. Consequently, questions in ea
h session were divided into 15subgroups, ea
h of whi
h in
luded 30 questions asso
iated with a spe
i�
 intertemporal e�e
t. The questionsin ea
h subgroup were similar to one another in attribute values and thus 
ould be viewed as pra
ti
allythe same. The 
hoi
e proportion of the LL options in ea
h subgroup was then 
omputed as an estimateof related average 
hoi
e probability. The data from subsequent sessions were analyzed separately be
ausethe amounts of time pressure might di�er. The upper left panel in Figure 2 shows a line graph illustratingthe 
hoi
e patterns of a typi
al subje
t for the questions in the �rst session. Three lines are depi
ted in thegraph, ea
h relating to a spe
i�
 intertemporal e�e
t. It is readily seen that in general 
hoi
e proportions donot 
hange abruptly as suggested by a deterministi
 perspe
tive. For example, the line with 
ir
le markersis asso
iated with the delay amount e�e
t and it shows that when the delays were in
reased proportionally,the 
hoi
e proportions of the LL options de
lined gradually from 0.9 to 0.1. Similarly, the line with squaremarkers 
orresponds to the magnitude e�e
t and it indi
ates that, when the reward amounts were in
reasedproportionally, the 
hoi
e proportions of the LL options rose progressively from 0 to 0.87. However, the lineasso
iated with the 
ommon di�eren
e e�e
t (with diamond markers) does not have a 
lear positive slope assuggested by that e�e
t. The 
hoi
e patterns of other subje
ts were qualitatively the same, and results fromother sessions were similar to those in the �rst one. For the questions regarding the delay amount e�e
t, 3011



out of the 40 (10 subje
ts × 4 sessions) sequen
es of 
hoi
e proportions are in
onsistent with the predi
tionof a deterministi
 interpretation of the e�e
t. Likewise, for the questions regarding the magnitude e�e
t,27 out of the 40 sequen
es demonstrate a violation of the deterministi
 assumption on intertemporal 
hoi
e.The other three panels in Figure 2 illustrate the average results a
ross subje
ts in di�erent sessions and fordi�erent e�e
ts. It is 
lear that the delay amount e�e
t and magnitude e�e
t were present in ea
h sessionbut not the 
ommon di�eren
e e�e
t.Three 5(subgroups)×4(sessions) within-subje
ts fa
torial ANOVAs were 
ondu
ted to further test theintertemporal e�e
ts, and the graphs of 
hoi
e proportions for the LL options are shown in Figure 2. Forthe questions 
on
erning the delay amount e�e
t, there is a signi�
ant di�eren
e in a
tual 
hoi
e proportionamong subsequent subgroups of similar questions (F = 11.28, p <.01, partial η2=.556), while the di�eren
eamong sessions is approa
hing signi�
an
e (F = 3.441, p > .08). Furthermore, there is a signi�
ant lineartrend in 
hoi
e proportion (F = 15.10, p < .01, partial η2=.627), whi
h is 
onsistent with a probabilisti
interpretation of the delay amount e�e
t. Similar results also o

ur for the questions 
on
erning the mag-nitude e�e
t. Spe
i�
ally, there is a signi�
ant di�eren
e in 
hoi
e proportion among di�erent subgroups ofquestions with similar attribute values (F = 20.09, p < .001, partial η2 = .691), and the di�eren
e amongsessions is also signi�
ant (F = 7.77, p <.01, partial η2 = .463). Besides, there is a linear trend in 
hoi
eproportion among su

essive subgroups (F = 20.07, p < .01, partial η2 = .69), following the probabilisti
 in-terpretation of the magnitude e�e
t. Finally, there is not a signi�
ant di�eren
e in 
hoi
e proportion amongdi�erent subgroups of questions 
on
erning the 
ommon di�eren
e e�e
t, nor is a signi�
ant e�e
t of session.To sum up, 
hoi
e proportions typi
ally 
hange in a progressive rather than an abrupt manner as requiredby a deterministi
 perspe
tive. Besides, the delay amount e�e
t and magnitude e�e
t were demonstrated ina probabilisti
 rather than deterministi
 way.

Figure 2. Choi
e proportions of the LL options for various intertemporal e�e
ts and sessions in Study 1.In these graphs, 
ir
le markers represent subgroups asso
iated with the delay amount e�e
t; square markersrepresent subgroups for the magnitude e�
t; and diamond markers represent subgroups for the 
ommondi�eren
e e�e
t. Upper left panel: a graph for a typi
al subje
t in Session 1. Upper right panel: a graphdemonstrating the delay amount e�e
t. Bottom left panel: a graph demonstrating the magnitude e�e
t.Bottom right panel: a graph for the 
ommon di�eren
e e�e
t, whi
h was absent in Study 1.Relationships between 
hoi
e proportions and response timesOne 
riti
al predi
tion of di�usion models is that extreme 
hoi
e probabilities are asso
iated with shortresponse times. Empiri
ally, this entails an inverted U-shaped relationship between the 
hoi
e proportionsof LL options and average response times within subgroups of similar questions. Sin
e a variety of di�usionmodels will be explored in this arti
le, it is important to �rst test this predi
tion to provide eviden
e forusing di�usion pro
esses in these models. To show the existen
e of the inverted U-shaped relationship, a
tual12




hoi
e proportion of the LL options and average response time were 
al
ulated for ea
h subgroup. In thisway, ea
h subje
t 
ontributed 15 data points (5 for ea
h intertemporal e�e
t), and the data points a
rossall subje
ts were then 
ategorized into �ve groups in terms of a
tual 
hoi
e proportion. Spe
i�
ally, the�rst group 
ontained data points with a 
hoi
e proportion between 0 and 0.2, the se
ond 
ontained datapoints with a 
hoi
e proportions between 0.2 and 0.4, and so on. Table 1 shows the mean response timewithin ea
h group. It is 
lear that for extreme 
hoi
e proportions (i.e., below 0.2 or above 0.8), the relatedaverage response times tended to be shorter, while the average response times asso
iated with moderate
hoi
e proportions (i.e., between 0.2 and 0.8) were relatively longer. The mean response time asso
iatedwith 
hoi
e proportions below 0.2 or above 0.8 was 3.54s, while the mean response time related to moderate
hoi
e proportions was 4.48s. The di�eren
e was statisti
ally signi�
ant (t = - 6.84, p<.01).Table 1 Relationship between a
tual 
hoi
e proportions of the LL options and average response timeswithin subgroups of similar questions in Study 1.A
tual 
hoi
e proportion of the LL options 0-0.2 0.2-0.4 0.4-0.6 0.6-0.8 0.8-1Average response time 3.88s 4.46s 4.72s 4.36s 3.45sBesides the ma
rolevel relationship between 
hoi
e proportions and response times examined above,di�usion models also predi
t that, for ea
h 
hoi
e question, the less likely 
hoi
e response takes more timeon average than the other more likely one. This 
onstitutes another 
riti
al test on the validity of di�usionmodels for intertemporal 
hoi
e. Be
ause ea
h question was only presented on
e in the 
urrent study, itis impossible to estimate its 
hoi
e probability. Consequently, we 
ategorized questions into subgroups asbefore and 
al
ulated the a
tual 
hoi
e proportions and mean response times of the SS and LL optionswithin ea
h subgroup. The resultant 
hoi
e proportions and mean response times 
ould be viewed as anapproximation of the 
hoi
e probabilities and mean response times of the SS and LL options for ea
h singlequestion in a subgroup if they had been asked repeatedly. The mean response times were then divided intotwo groups in terms of the popularity of related 
hoi
e responses. Spe
i�
ally, one group 
ontained meanresponses times for options more likely to be 
hosen in a subgroup, and the other 
ontained mean responsetimes for less likely options. It turned out that there was a signi�
ant di�eren
e between these two groups(M1 = 4532.7ms,M2 = 5336.5ms, t = −5.35, p < .001) and the dire
tion of di�eren
e followed the predi
tionof di�usion models. In other words, the mi
rolevel predi
tion of di�usion models on the relationship between
hoi
e proportions and response times also hold for the 
urrent empiri
al data on intertemporal 
hoi
e.Results of model �tting and 
omparisonSin
e empiri
al data suggest that, just like risky 
hoi
e, intertemporal 
hoi
e is also probabilisti
 in nature,we need to develop probabilisti
 models to a

ount for this property. Eight di�usion models and one randomutility model are explored here. All of them are probabilisti
 models but only those di�usion models aredynami
 and thus able to predi
t response time distributions. Consequently, we will �rst �t the modelsto the 
hoi
e response data so that the random utility model 
an be 
ompared to the di�usion models.Table 2 shows the results of model �tting in terms of average BIC values and 
ounts of lowest BIC valuesfor ea
h model and session. In all sessions, the performan
e of Models 3 is the best in terms of averageBIC value while Models 2, 5, and 6 follow. On the other hand, Model 4 is always asso
iated with thehighest average BIC value and thus least desirable. The two alternative-wise di�usion models based on thehyperboli
 dis
ount fun
tion, i.e., Models 7 and 8, are always inferior to attribute-wise di�usion models withpower utility fun
tions (i.e., Models 2, 3, 5, and 6), but superior to the random utility model. For all thesessions ex
ept Session 3, the simplest di�usion model, i.e., Model 1, �ts the data better than the randomutility model based on the hyperboli
 dis
ount fun
tion (Model 9) in terms of average BIC value. Overall,Model 3 has the lowest average BIC value and the highest 
ount of lowest BIC values a
ross subje
ts andsession, while Model 4 performs the worst in terms of both average BIC value and 
ount of lowest BIC values.To sum up, when 
hoi
e response is of 
on
ern, Model 3 is the best model and in general di�usion modelsperform better than the random utility model. See Appendix B for the details of the �tting pro
edure.Table 2 Results of �tting probabilisti
 models to the empiri
al data on 
hoi
e response from Study 1
13



Model 1 Model 2 Model 3 Model 4 Model 5 Model 6 Model 7 Model 8 Model 9Session 1 311.4(2) 289.2(0) 279.9(3) 444.7(0) 286.1(3) 288.9(0) 304.3(1) 308.4(0) 337.1(1)Session 2 239.2(0) 221.0(1) 220.1(2) 364.7(0) 228.1(1) 231.4(0) 242.1(2) 246.3(1) 256.4(3)Session 3 232.8(2) 197.3(3) 175.5(4) 353.2(0) 192.4(0) 195.1(0) 208.3(0) 212.3(0) 226.3(1)Session 4 206.9(2) 190.2(2) 183.0(3) 343.6(0) 196.4(0) 203.1(0) 209.7(2) 216.2(0) 226.4(1)Overall 247.6(6) 224.4(6) 214.6(12) 376.6(0) 225.7(4) 229.6(0) 241.1(5) 245.8(1) 261.5(6)Note. Model 1: di�usion model involving dire
t di�eren
es and identi
al utility fun
tions; Model 2:di�usion model involving dire
t di�eren
es and power utility fun
tions without a s
aling parameter on time;Model 3: di�usion model involving dire
t di�eren
es and power utility fun
tions with a s
aling parameter ontime; Model 4: di�usion model involving relative di�eren
es and power utility fun
tions; Model 5: di�usionmodel involving both dire
t and relative di�eren
es and power utility fun
tions without a s
aling parameteron time; Model 6: di�usion model involving both dire
t and relative di�eren
es and power utility fun
tionswith a s
aling parameter on time when dire
t di�eren
e is of 
on
ern; Model 7: di�usion model based on thehyperboli
 dis
ount fun
tion with σ as a free parameter; Model 8: di�usion model based on the hyperboli
dis
ount fun
tion with σ proportional to the sum of delay amounts; Model 9: random utility model basedon the hyperboli
 dis
ount fun
tion, whi
h is stati
 but probabilisti
. Average BIC value is shown for ea
hmodel and session, and the 
ounts of lowest BIC values are shown in parentheses.To further 
ompare the di�usion models among themselves and explore their 
apability of �tting responsetimes, Models 1 - 8 were �tted to 
hoi
e responses and response times simultaneously. Spe
i�
ally, thedefe
tive probability density of making a spe
i�
 response within a 
ertain amount of time was utilized inthe model �tting pro
edure to obtain maximum likelihood estimates of parameters and 
al
ulate BIC valuesa

ordingly. Sin
e both 
hoi
e responses and response times were taken into a

ount, more information fromthe data was exploited to distinguish among the 
ompeting di�usion models. Table 3 lists the results ofmodel �tting. Again, Model 3 performs the best in des
ribing the empiri
al data when average BIC value isused as 
riterion. The performan
es of Models 2, 5, and 6 �t the data reasonably well, while Model 4 doesnot. The performan
es of Models 7 and 8 are only better than that of Model 4. When 
ount of lowest BICis of 
on
ern, Model 2 is 
omparable to Model 3 and performs better than other di�usion models. All inall, the 
omparison results are generally the same as before when the models were only �tted to the data on
hoi
e responses.Table 3 Results of �tting di�usion models to both 
hoi
e response and response time data in Study 1Model 1 Model 2 Model 3 Model 4 Model 5 Model 6 Model 7 Model 8Session 1 2014.6(0) 1955.8(3) 1925.0(3) 2092.8(0) 1942.8(0) 1935.5(2) 1986.5(0) 1984.6(2)Session 2 1891.7(0) 1791.0(3) 1769.7(5) 1896.3(0) 1792.8(0) 1788.6(0) 1806.1(1) 1807.6(1)Session 3 1088.4(0) 985.0(4) 967.1(3) 1108.8(0) 991.8(0) 995.3(0) 1005.8(1) 1006.9 (2)Session 4 1011.5(0) 928.1(4) 915.0(3) 1042.3(0) 941.1(0) 946.8(0) 959.6(2) 961.0 (1)Overall 1501.6(0) 1415.0(14) 1394.2(14) 1535.0(0) 1417.1(0) 1416.6(2) 1439.5(4) 1440.3(6)Note. Model 1: di�usion model involving dire
t di�eren
es and identi
al utility fun
tions; Model 2:di�usion model involving dire
t di�eren
es and power utility fun
tions without a s
aling parameter on time;Model 3: di�usion model involving dire
t di�eren
es and power utility fun
tions with a s
aling parameter ontime; Model 4: di�usion model involving relative di�eren
es and power utility fun
tions; Model 5: di�usionmodel involving both dire
t and relative di�eren
es and power utility fun
tions without a s
aling parameteron time; Model 6: di�usion model involving both dire
t and relative di�eren
es and power utility fun
tionswith a s
aling parameter on time when dire
t di�eren
e is of 
on
ern; Model 7: di�usion model based on thehyperboli
 dis
ount fun
tion with σ as a free parameter; Model 8: di�usion model based on the hyperboli
dis
ount fun
tion with σ proportional to the sum of delay amounts; Model 9: random utility model basedon the hyperboli
 dis
ount fun
tion, whi
h is stati
 but probabilisti
. Average BIC value is shown for ea
hmodel and session, and the 
ounts of lowest BIC values are shown in parentheses.Model predi
tionsAnother way to evaluate the performan
e of a spe
i�
 model in �tting empiri
al data is to make predi
tionson 
hoi
e responses and response times using the estimated values of model parameters and then 
omparethe predi
tions with the a
tual data. Sin
e Model 3 performs the best, followed by Models 2, 5, and 6,we �rst 
ompared a
tual 
hoi
e proportions with these models' predi
tions when they were �tted to 
hoi
e14



response data. Figure 3 shows the s
atter plots of the average 
hoi
e probabilities predi
ted by these modelsand the a
tual 
hoi
e proportions. Ea
h point in the s
atterplots is asso
iated with a subgroup of similarquestions 
on
erning a spe
i�
 intertemporal e�e
t as before. Clearly, there is a strong 
orrelation betweenthe predi
ted average 
hoi
e probabilities and the a
tual 
hoi
e proportions for ea
h of the models (forModel 2, r = .96, p<.001; for Model 3, r = .98, p<.001; for Model 5, r = .98, p<.001; for Model 6, r =.99, p<.001). In other words, we 
an use these models to make reasonably good predi
tions on the a
tual
hoi
e proportions. Similar results showed up when we used the parameter values estimated from �ttingthese models to both the 
hoi
e response data and response time data. Figure 4 shows the s
atterplotsof these models' predi
tions on response times and the a
tual response times. For ea
h question, we �rst�gured out the distribution of response time given the a
tual 
hoi
e response and then used the expe
tedvalue of that distribution as a point estimation. After that, the a
tual mean response time and predi
tedmean response time for ea
h subgroup of questions were 
al
ulated, resulting in a spe
i�
 data point in thes
atterplots. The general pattern remained the same when other measures of 
entral tenden
y were exploredor the un
onditional mean response time was utilized. It is readily seen that the predi
tions of these modelsmat
h the a
tual data quite well (for Model 2, r =.78, p <.001 ; for Model 4, r =.81 , p <.001 )

0 0.5 1
0

0.2

0.4

0.6

0.8

1

Actual Choice Proportion

P
re

di
ct

ed
 A

ve
ra

ge
 C

ho
ic

e 
P

ro
ba

bi
lit

y Model 2 − Study 1

r=0.960

n=600

0 0.5 1
0

0.2

0.4

0.6

0.8

1

Actual Choice Proportion

P
re

di
ct

ed
 A

ve
ra

ge
 C

ho
ic

e 
P

ro
ba

bi
lit

y Model 3 − Study 1

r=0.977

n=600

0 0.5 1
0

0.2

0.4

0.6

0.8

1

Actual Choice Proportion

P
re

di
ct

ed
 A

ve
ra

ge
 C

ho
ic

e 
P

ro
ba

bi
lit

y Model 5 − Study 1

r=0.984

n=600

0 0.5 1
0

0.2

0.4

0.6

0.8

1

Actual Choice Proportion

P
re

di
ct

ed
 A

ve
ra

ge
 C

ho
ic

e 
P

ro
ba

bi
lit

y Model 6 − Study 1

r=0.985

n=600

Figure 3. S
atter plots of average predi
ted 
hoi
e probabilities and the a
tual 
hoi
e proportions forModels 2, 3, 5, and 6 in Study 1. Ea
h point in the s
atterplots is asso
iated with a subgroup of similarquestions.
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Figure 4. S
atter plots of predi
ted mean response times and a
tual mean response times for Models 2,3, 5, and 6 in Study 1. Ea
h point in the s
atterplots is asso
iated with a subgroup of similar questions.Conditional mean response time given the a
tual 
hoi
e response is used as a point estimation for ea
hquestion.Finally, we 
an test the validity of the di�usion models by examining their predi
tions on the impa
t ofexperimental manipulation on a
tual 
hoi
e proportions. It has been shown that, by systemati
ally 
hangingattribute values, the delay amount e�e
t and magnitude e�e
t were revealed in the empiri
al data but notthe 
ommon di�eren
e e�e
t (Fig. 2). If the di�usion models a
tually 
apture the essense of the underlyingpro
esses leading to the expli
it responses, their predi
tions should repli
ate the empiri
al 
hoi
e patterns.Following are line graphs illustrating the predi
tions of Model 3 on average 
hoi
e probabilities of the LLoptions for di�erent e�e
ts and sessions. It is readily seen that the general pattern in the predi
ted results isalmost the same as that in the empiri
al results. The line graphs for Models 2, 5 and 6 are similar to thosefor Model 3.
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Figure 5. The predi
tions of Model 3 on average 
hoi
e probabilities of the LL options for variousintertemporal e�e
ts and sessions in Study 1. In these graphs, 
ir
le markers represent subgroups asso
iatedwith the delay amount e�e
t; square markers represent subgroups for the magnitude e�
t; and diamondmarkers represent subgroups for the 
ommon di�eren
e e�e
t. In ea
h session, Model 3 predi
ted the delayamount e�e
t and magnitude e�e
t but not the 
ommon di�eren
e e�e
t.Dis
ussionProbabilisti
 nature of intertemporal 
hoi
eThe data from Study 1 suggest that intertemporal 
hoi
e is also probabilisti
 in nature just like risky 
hoi
e.Spe
i�
ally, subje
ts' responses to the questions devised to test various intertemporal e�e
ts reveal a violationof the deterministi
 assumption on this phenomenon. More importantly, 
hoi
e pattern for the questions
on
erning the delay amount e�e
t appears to be beyond the means of any existing a

ount of this importanttopi
 and thus 
onstitutes a severe 
hallenge to the deterministi
 assumption. A

ording to the delay amounte�e
t, when the time delays of both options are multiplied by a 
ommon 
onstant, people's preferen
e shouldshift towards the SS option. That is to say, when the ratio of delay amounts is 
onstant, the longer thedelays are, the less preferable the LL option will be. If we assume further a deterministi
 perspe
tive onintertemporal 
hoi
e, it 
an prove that there exists a single 
uto� point on the shorter delay (or equivalentlyon the longer delay) where people are just indi�erent between the two options. Moreover, su
h a perspe
tivealso stipulates that when the shorter delay amount is below the 
uto� point, people will 
hoose the LL optionfor sure, and vi
e versa. In other words, the 
hoi
e probability of the LL options should 
hange abruptlyfrom one to zero a
ross the 
uto� point. This is a
tually a typi
al pattern predi
ted by a deterministi
 view.Furthermore, it 
an be shown that su
h a pattern is 
onsistent with both the exponential dis
ount fun
tionand the hyperboli
 dis
ount fun
tion as long as a deterministi
 approa
h is assumed, and it remains trueeven when the magnitude e�e
t is taken into a

ount (See Appendix C for mathemati
al proofs of theseproperties.) When similar questions are 
ombined into subgroups as in Study 1, the deterministi
 approa
hentails that only one subgroup 
ould have an a
tual 
hoi
e proportion that is between 0 and 1, and thea
tual proportions should be either monotoni
 in
reasing or monotoni
 de
reasing (although not ne
essarilystri
tly monotoni
). However, a majority of subje
ts in Study 1 demonstrated a gradual rather than abruptshift in 
hoi
e proportion for the questions related to the delay amount e�e
t. This forms a strong pie
e of17



eviden
e against the deterministi
 assumption of intertemporal 
hoi
e.Model 
omparisonsAfter showing the inherent randomness in intertemporal 
hoi
e, a number of probabilisti
 models are �ttedto the data so that more sophisti
ated models 
an be developed and tested. It turned out that the di�usionmodels are generally better than the random utility model in des
ribing the empiri
al data 
olle
ted in Study1. It should not be surprising sin
e the relationships between 
hoi
e proportions and response times are infavor of the dynami
 stru
ture involved in di�usion models. On the other hand, it is worth noting thatonly one quite simple random utility model, i.e., a Thurstone Case V model expanded from the hyperboli
dis
ount fun
tion, was explored. It is possible that more 
ompli
ated random utility models may performbetter when 
hoi
e response is of 
on
ern. Di�usion models, however, are essentially superior to randomutility models when we want to a

ount for response times as well. In this s
enario, it is more appropriateto explore models that are embedded with a dynami
 stru
ture.Another important �nding is that the di�usion models 
onsidering only dire
t di�eren
es in rewardamount and delay amount perform mu
h better than that involving only relative di�feren
es. A
tually thelatter is even worse than the random utility model whi
h does not have a dynami
 stru
ture. This impliesthat we 
annot use only relative or proportional di�eren
es to explain human intertemporal preferen
e. Sin
ethe 
on
ept of relative or proportional di�eren
e originates from the PD model, it suggests that the simplestversion of the PD model (i.e., �xed σ and δ a
ross 
hoi
e questions) will perform poorly when �tted to the
urrent data. When both dire
t and relative di�eren
es are in
luded, the resultant models are still generallyinferior to those only involving dire
t di�eren
es, espe
ially the model with a s
aling parameter on time (i.e.,Model 3).Besides the six attribute-wise di�usion models based on dire
t and/or relative di�eren
es, two alternative-wise di�usion models expanded from the hyperboli
 dis
ount fun
tion were also examined. In this way, weput the traditional hyperboli
 dis
ounting model and the new weighted additive di�eren
e models on thesame stru
tural level. It turned out that the attribute-wise models are still better than the alternative-wiseones when both of them assume a dynami
 stru
ture. On the other hand, Models 7 and 8 perform better thanModel 9, the stati
 model, whi
h suggest that the involvement of a dynami
 stru
ture does help improve theperforman
e of relevant models. To sum up, the dynami
 models perform better than the stati
 one whenthe hyperboli
 dis
ount fun
tion is at the 
ore; attribute-wise models seem to be better than alternative-wise models when �tting empiri
al data; and relative or proportional di�eren
e seems to be an unne
essary
omponent for a good model on intertemporal 
hoi
e.Drawba
ks of Study 1Although Study 1 reveals the probabilisti
 nature of intertemporal 
hoi
e and provides a platform on whi
hvarious models 
an be explored, there are several drawba
ks in the study whi
h may weaken the validity ofthe results. First of all, the sample size of the 
urrent study, i.e., 10, was relatively small 
ompared to otherstudies on intertemporal 
hoi
e. Consequently, we might need a larger sample so that our 
on
lusions 
an bebuilt upon a more solid foundation. Se
ond, the subje
ts needed to �nish four sessions in total whi
h werequite similar in stru
ture and stimuli. Although su

essive sessions were administrated at least one weekapart, it was possible that subje
ts had a subtle memory of what happened in previous sessions or graduallyformulated �xed strategies in later sessions. Both possibilities 
onstituted a violation of the assumption ofindependen
e between responses, whi
h is ne
essary for the �tting pro
edure to estimate model parameters.In fa
t, the responses of most subje
ts be
ame more extreme in later sessions. In other words, their responsesturned more predi
table when they got more experien
e with the stimuli. This may well be the reason whythe BIC values de
rease in later sessions as listed in Tables 1 and 2. Consequently, it may be helpful toredu
e the length of the study so that subje
t only needs to go through one instead of four sessions. Finally,the time pressure involved in the �rst two sessions seem to be inappropriate in the sense that most subje
tsneeded to postpone their responses sometimes to avoid the warning sign. As a result, in Study 2, we 
hangedthe lower time limit a

ordingly to avoid this undesirable side-e�e
t.
18



Study 2Given the drawba
ks of Study 1, a new experiment was 
ondu
ted to obtain more 
on�den
e in previousresults. Spe
i�
ally, more subje
ts were re
ruited in Study 2, whi
h involved only one session that lasted aslong as a single session in Study 1. Besides, the lower limit on response time was redu
ed so that it was lesslikely for subje
ts to postpone their responses. The main purpose of Study 2 was to repli
ate the results ofStudy 1 with a better experimental design.MethodMaterialsAs in Study 1, an adjustment pro
edure was �rst employed to generate three approximately indi�erent pairsof intertemporal options for every subje
t, with one pair for ea
h intertemporal e�e
t. In ea
h 
ase, three ofthe four attribute values were �xed and the remaining one varied from trial to trial a

ording to subje
ts'responses to the previous question. For the questions related to the delay amount e�e
t, the shorter delaywas �xed at 20 days; the longer delay was �xed at 40 days; and the larger reward amount was �xed at 35dollars. The remaining attribute value, i.e., the smaller reward amount, was initially set at 20 dollars and
hanged on the basis of subje
ts' responses. Similarly, for the questions related to the 
ommon di�eren
ee�e
t, the shorter delay was �xed at 20 days; the longer delay was �xed at 50 days; and the larger rewardamount was �xed at 32 dollars. The smaller reward amount started from 16 dollars and again 
hangeda

ording to subje
ts' previous response. Finally, for the questions 
on
erning the magnitude e�e
t, thesmaller reward, the larger reward, and the shorter delay were �xed at 20 dollars, 40 dollars, and 12 daysrespe
tively. The longer delay was initially set at 30 days and 
hanged in the same manner as for the otherquestions.For ea
h e�e
t, 160 formal questions were then 
reated based on the indi�erent pair generated from theadjustment pro
edure. Fewer questions were required here be
ause of a redu
tion in the length of the study.Spe
i�
ally, in the formal questions 
on
erning the delay amount e�e
t, the longer delays were always twotimes as long as the shorter delays, whi
h ranged between 1 day and 40 days. Note that the ratio of delayswas di�erent from that in Study 1. For ea
h pair of delays, asso
iated reward amounts were then jiggledfrom the ones in the indi�erent pair to generate 4 questions that were a little di�erent from one another butpra
ti
ally the same. Again the purpose of this manipulation was to avoid presenting subje
ts with the same
hoi
e questions multiple times to redu
e possible impa
t of memory. Furthermore, the tens digits of thesmaller rewards in these similar questions were always the same, and the same applied to the longer rewards.This was intended to make them look more similar to one another. Overall, 160 (40 by 4) questions weregenerated based on the indi�erent pair in this way. The same method was used to generate another 320questions asso
iated with the 
ommon di�eren
e e�e
t and magnitude e�e
t.Parti
ipantsForty-six parti
ipants (29 females and 17 males) with an average age of 23 were re
ruited at a nationalresear
h university via advertisement on noti
e boards. Nine of them generated abnormal indi�erent pair(s)of intertemporal options (i.e., with one option dominating the other) and thus their data were analyzedseparately. Among the remaining 37 parti
ipants, 25 were women and 12 were men, and the average agewas about 21. All the parti
ipants were reimbursed for doing the study. Spe
i�
ally, for ea
h parti
ipant,one intertemporal 
hoi
e question was randomly pi
ked from his/her question set and the person was paidone-fourth of the money he/she 
hose in that question. Besides, there was a baseline payment of 4 dollarsin addition to the payment 
ontingent on the randomly sele
ted question. The date of payment was alsodetermined by the amount of time delay parti
ipants 
hose in the randomly sele
ted question. The averagepayment was about 11 dollars.Pro
edureAs was mentioned above, Study 2 only 
ontained one session. As in Study 1, all the instru
tions andquestions were presented on a 
omputer s
reen and subje
ts used a mouse to make responses. This was19




arried out by a Matlab program together with the Cogent toolbox to re
ord both 
hoi
e responses andresponse times. In the 
urrent study, subje
ts were presented with 480 intertemporal questions and requiredto indi
ate their preferen
es. To lessen the fatigue e�e
t, two major breaks and 
ontingent short breaks wereinserted into the study. Di�erent types of questions were presented in a random order so that su

essivequestions appeared to be irrelevant to one another. The adjustment pro
edure to generate indi�erent pairswas run before all formal questions were 
reated and presented. Furthermore, a pra
ti
e se
tion was providedbefore subje
t generated indi�erent pairs. Subje
ts were instru
ted throughtout the whole study to take intoa

ount all pie
es of information involved in ea
h question and think it over before making a 
hoi
e. Theywere also reminded of the payment plan that one question would be randomly sele
ted and their paymentwould be 
ontingent on the spe
i�
 
hoi
e they made in that question. In this study, subje
ts were requiredto make 
areful responses. If they responded too fast, a warning sign would pop up. The lower threshold onresponse time was set at 1500ms, whi
h was more lenient than that in Study 1, where the lower thresholdwas determined by subje
ts' responses in the pra
ti
e se
tion and was typi
ally above 3000ms. Finally, one�ller question with a dominated option was presented after ea
h set of 40 formal questions. If subje
ts 
hosethe dominated option in a �ller question, a warning sign would pop up, whi
h asked for more attention andat the same time provided subje
ts with a short break if they wanted.ResultsThe results reported here are mainly from the 37 subje
ts who generated intertemporal questions withouta dominating option. At the end of this se
tion, the results from those subje
ts who answered abnormalquestions will be brie�y dis
ussed.Choi
e patterns for the questions related to various intertemporal e�e
tsAs before, we �rst 
ombined questions into subgroups and 
al
ulated the a
tual 
hoi
e proportion for ea
hsubgroup in order to demonstrate the probabilisti
 nature of intertemporal 
hoi
e. In Study 2, ea
h subgroup
ontained 32 questions asso
iated with a spe
i�
 intertemporal e�e
t. The left panel in Figure 6 shows aline graph illustrating the 
hoi
e patterns of a typi
al subje
t in the 
urrent study. As in Figure 2, threelines are depi
ted in the graph, ea
h relating to a spe
i�
 intertemporal e�e
t. As in Study 1, the 
hoi
eproportions do not 
hange abruptly as suggested by a deterministi
 perspe
tive. For example, the line with
ir
le markers is asso
iated with the delay amount e�e
t and it suggests that when the delays were in
reasedproportionally, the a
tual 
hoi
e proportion of the LL option de
reased gradually from 1 to about 0.3.Similarly, the pattern for the questions 
on
erning the magnitude e�e
t is generally the same as in Study 1.For the questions regarding the delay amount e�e
t, all 37 sequen
es of 
hoi
e proportions are in
onsistentwith the predi
tion of a deterministi
 interpretation of the e�e
t. Likewise, for the questions regarding themagnitude e�e
t, 36 out of the 37 sequen
es of 
hoi
e proportions suggest a violation of the deterministi
assumption of intertemporal 
hoi
e. The right panel in Figure 6 also shows the average situation a
rosssubje
ts, whi
h is quite similar to that for the typi
al subje
t. The only di�eren
e between Studies 1 and2 lies in the 
ommon di�eren
e e�e
t. It 
an be seen from the right panel in Figure 6 that the 
ommondi�eren
e e�e
t seems to be revealed in Study 2.
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Figure 6. Choi
e proportions of the LL options for various intertemporal e�e
ts in Study 2. In thesegraphs, 
ir
le markers represent subgroups asso
iated with the delay amount e�e
t; square markers representsubgroups asso
iated with the magnitude e�
t; and diamond markers represent subgroups asso
iated withthe 
ommon di�eren
e e�e
t. Left panel: a line graph for a typi
al subje
t. Right panel: a line graphdemonstrating the average results a
ross subje
ts for the three intertemporal e�e
ts.Three within-subje
ts ANOVAs were 
ondu
ted to further test the intertemporal e�e
ts respe
tively. Forthe questions 
on
erning the delay amount e�e
t, there is a signi�
ant di�eren
e in 
hoi
e proportion amongdi�erent subgroups of similar questions (F = 67.99, p <.001, partial η2=.654). Furthermore, there is asigni�
ant linear trend in 
hoi
e proportion (F = 103.3, p < .001, partial η2=.742), whi
h is 
onsistent withthe probabilisti
 predi
tion of the delay amount e�e
t. Similar results show up for the questions 
on
erningthe magnitude e�e
t: the di�eren
e in 
hoi
e proportion among di�erent subgroups is signi�
ant (F = 49.03,p < .001, partial η2 = .577), as well as a linear trend in 
hoi
e proportion among su

essive subgroups (F =79.82, p < .001, partial η2 = .689). Finally, there is a signi�
ant di�eren
e in a
tual 
hoi
e proportion amongdi�erent subgroups of questions 
on
erning the 
ommon di�eren
e e�e
t (F = 4.75, p < .05, partial η2=.117),and the 
orresponding linear trend is also signi�
ant (F = 6.09, p <.05, partial η2=.145). To sum up, 
hoi
eproportions typi
ally 
hanged in a progressive rather than abrupt manner as required by a deterministi
approa
h. In addition, on average, all three intertemporal e�e
ts were revealed in a probabilisti
 manner.Relationships between 
hoi
e proportion and response timeAs in Study 1, a
tual 
hoi
e proportion of the LL options and average response time were 
al
ulated for ea
hsubgroup to show the inverted U-shaped relationship between 
hoi
e proportions and response times withinsubgroups of similar questions. In the 
urrent study, however, ea
h subgroup 
ontained 32 rather than 30questions. Again, the resultant data points were further divided into �ve groups in terms of a
tual 
hoi
eproportion. Table 4 shows the mean response time for ea
h group. As before, for extreme 
hoi
e proportions(i.e., below 0.2 or above 0.8), the related mean response times tended to be shorter. while the response timesasso
iated with moderate 
hoi
e proportions (i.e., between 0.2 and 0.8) were relatively longer. The meanresponse time asso
iated with 
hoi
e proportions below 0.2 or above 0.8 was 3.84s, while the mean responsetime asso
iated with moderate 
hoi
e proportions was 4.32s. The di�eren
e was statisti
ally signi�
ant asin Study 1 (t = - 4.81, p<.01).Table 4 Relationship between a
tual 
hoi
e proportions of the LL options and mean response times withinsubgroups of similar questions in Study 2. 21



A
tual 
hoi
e proportion of the LL options 0-0.2 0.2-0.4 0.4-0.6 0.6-0.8 0.8-1Average response time 3.91s 4.35s 4.28s 4.31s 3.73sThe mi
rolevel relationship between 
hoi
e proportions and response times were also investigated as inStudy 1. Again, we �rst 
al
ulated the a
tual 
hoi
e proportions and mean response times of the SS and LLoptions within ea
h subgroup. The mean response times were then divided into two groups in terms of thepopularity of related 
hoi
e responses. Spe
i�
ally, one group 
ontained mean responses times for optionsmore likely to be 
hosen in a subgroup, and the other 
ontained mean response times for less likely options.The same signi�
ant result showed up when these two groups of mean response times were 
ompared to ea
hother (M1 = 4236.4ms,M2 = 5205.1ms, t = −6.65, p < .001) and the dire
tion of di�eren
e followed thepredi
tion of di�usion models. Therefore, the mi
rolevel predi
tion of di�usion models on the relationshipbetween 
hoi
e proportions and response times was established in Study 2 as well.Results of model �tting and 
omparisonAfter re
on�rming the probabilisti
 nature of intertemporal 
hoi
e with the new data set, we pro
eeded to�t the probabilisti
 models to the data. As before, we �rst �t the models to the 
hoi
e response data so thatthe random utility model 
an be 
ompared to the di�usion models. Table 5 shows the �tting results in termsof average BIC values and 
ounts of lowest BIC values for ea
h model. As in Study 1, the performan
e ofModels 2, 3, 5, and 6 are superior to that of the remaining models, in
luding the random utility model (i.e.,Model 9), in terms of average BIC value, and the di�usion model involving only relative di�eren
es (i.e.,Model 4) performs the worst. When the 
ounts of lowest BIC values are of 
on
ern, Model 2 performs thebest, followed by Model 1. If we 
onsider both 
hoi
e response and response time data, Models 2, 3, 5, and6, again perform the best in terms of average BIC value. Furthermore, Model 2 leads the 
ompetition whenthe 
ount of lowest BIC values is of 
on
ern, followed by Models 3 and 5. To sum up, in Study 2, Model 2performs the best while Model 4 performs most poorly.Table 5 Results of �tting probabilisti
 models to the empiri
al data from Study 2Model 1 Model 2 Model 3 Model 4 Model 5 Model 6 Model 7 Model 8 Model 9Fitting 
hoi
e response data 385.0(6) 327.6(12) 326.9(1) 466.9(0) 332.2(5) 338.1(1) 365.3(4) 361.9(3) 392.7(5)Fitting both 
hoi
e response and response time data 1886.8(3) 1833.2(13) 1831.7(6) 1923.2(2) 1817.2(6) 1822.4(1) 1878.3(5) 1864.0(1)Note. Model 1: di�usion model involving dire
t di�eren
es and identi
al utility fun
tions; Model 2:di�usion model involving dire
t di�eren
es and power utility fun
tions without a s
aling parameter on time;Model 3: di�usion model involving dire
t di�eren
es and power utility fun
tions with a s
aling parameter ontime; Model 4: di�usion model involving relative di�eren
es and power utility fun
tions; Model 5: di�usionmodel involving both dire
t and relative di�eren
es and power utility fun
tions without a s
aling parameteron time; Model 6: di�usion model involving both dire
t and relative di�eren
es and power utility fun
tionswith a s
aling parameter on time when dire
t di�eren
e is of 
on
ern; Model 7: di�usion model based on thehyperboli
 dis
ount fun
tion with σ as a free parameter; Model 8: di�usion model based on the hyperboli
dis
ount fun
tion with σ proportional to the sum of delay amounts; Model 9: random utility model basedon the hyperboli
 dis
ount fun
tion, whi
h is stati
 but probabilisti
. Average BIC value is shown for ea
hmodel, and the 
ounts of lowest BIC values are shown in parentheses.Model predi
tionsAs in Study 1, we �rst examined the performan
e of Models 2, 3, 5, and 6 when they were �tted to the
hoi
e response data sin
e they performed best in terms of the BIC index. Figure 7 shows the s
atter plotsof average 
hoi
e probabilities predi
ted by these models and the a
tual 
hoi
e proportions. Ea
h pointin the plots is asso
iated with a subgroup of similar questions. On
e again, there is a strong 
orrelationbetween the average predi
ted 
hoi
e probabilities and the a
tual 
hoi
e proportions for ea
h of the models(for Model 2, r =.961, p<.001; for Model 3, r = .968, p<.001 ;for Model 5, r =.981, p<.001; for Model 6, r= .982, p<.001). We also 
al
ulated the predi
ted probabilities when these four models were �tted to both
hoi
e response data and response time data. Figure 8 shows the s
atterplots of model predi
tions on meanresponse times and the a
tual mean response times. For ea
h question, we �rst �gured out the distributionof response time given the a
tual 
hoi
e response and then used the expe
ted value of that distribution asa point predi
tion. Ea
h point in the plots 
orresponds to a subgroup of similar questions. The general22



pattern remains the same when other measures of 
entral tenden
y were explored or the un
onditional meanresponse time was utilized. As in Study 1, the predi
tions of all these models mat
h the a
tual data quitewell (for Model 2, r = .961, p < .001; for Model 3, r = .968, p < .001; for Model 5, r = .981, p < .001; forModel 6, r = .982, p < .001).

Figure 7. S
atter plots of average predi
ted 
hoi
e probabilities and the a
tual 
hoi
e proportions forModels 2, 3, 5 and 6 in Study 2. Ea
h point is asso
iated with a subgroup of similar questions.

Figure 8. S
atter plots of predi
ted mean response time and a
tual mean response time for Models 2, 3,5, and 6 in Study 2. Ea
h point is asso
iated with a subgroup of similar questions.Finally, we tested the validity of the di�usion models by examining their predi
tions on the impa
t ofexperimental manipulation on a
tual 
hoi
e proportions as in Study 1. All three intertemporal e�e
ts wererevealed in the 
urrent study (Fig. 6). If the di�usion models a
tually 
apture the essense of the underlyingpro
esses leading to the expli
it responses, their predi
tions should repli
ate the empiri
al 
hoi
e patterns.23



Following are line graphs illustrating the predi
tions of Models 2, 3, 5, and 6 on average 
hoi
e probabilitiesof the LL options asso
iated with di�erent e�e
ts. It is readily seen that the general pattern in the predi
tedresults is the same as that in the empiri
al results.

Figure 9. The predi
tions of Models 2, 3, 5, and 6 on average 
hoi
e probabilities of the LL options forvarious intertemporal e�e
ts in Study 2. In these graphs, 
ir
le markers represent subgroups asso
iated withthe delay amount e�e
t; square markers represent subgroups for the magnitude e�e
t; and diamond markersrepresent subgroups for the 
ommon di�eren
e e�e
t. All these models predi
ted the three intertemporale�e
ts.Results of subje
ts answering abnormal questionsAs was mentioned above, nine subje
ts generated at least one indi�erent pair of intertemporal options that
ontained dominating and dominated options (e.g., the reward amounts were the same but one option hada shorter delay). In this 
ase, it is 
on
eivable that most of the time subje
ts would 
hoose the dominatingoptions, leading to quite extreme 
hoi
e proportions. Moreover, any di�usion model explored so far willpredi
t a 
hoi
e probability of one for the dominating option. If a subje
t happened to 
hoose the dominatedoption, the likelihood of the 
orresponding data set would be zero and its logarithm would be negativein�nity. A
tually, seven out of the nine subje
ts did o

asionally 
hoose dominated options. Consequently,in order to avoid breakdown of the model �tting pro
edure, whenever a dominated option was 
hosen, avery small probability (e.g., .01) should be assigned to the response instead of 0. With this modi�
ation, itis possible to �t the di�usion models and the random utility model to the abnormal data.It turned out that the data of these nine subje
ts were generally the same as those of the other subje
ts.First of all, for the questions 
on
erning the delay amount e�e
t, there was a trend 
onsistent with theprobabilisti
 interpretation of the e�e
t and it was approa
hing statisti
al signi�
an
e (F = 4.49, p =.067). For the questions 
on
erning the magnitude e�e
t, a linear trend 
onsistent with the probabilisti
demonstration of the e�e
t was found (F = 16.96, p < .01, partial η2=.679). There was not a signi�
antlinear trend asso
iated with the questions 
on
erning the 
ommon di�eren
e e�e
t. When various modelswere �tted to the data, Model 2 again performs better than the other models.
24



Dis
ussionIn general, the results from Study 2 repli
ated those from Study 1 with a re�ned experimental design and thusfurther 
orroborated the probabilisti
 nature of intertemporal 
hoi
e. As in Study 1, both the delay amounte�e
t and magnitude e�e
t were revealed in a probabilisti
 rather than deterministi
 manner. Moreover, theadvantage of di�usion models based on weighted additive di�eren
e, espe
ially those involving only dire
tdi�eren
es, was again manifested with the large sample. This suggested that dire
t di�eren
es in rewardand delay amounts play a signi�
ant role in determining human intertemporal preferen
e, while relativedi�eren
es may have some unique but small 
ontribution beyond that of dire
t di�eren
es. The performan
eof alternative-wise models built upon the traditional hyperboli
 dis
ount fun
tion was inferior in general,espe
ially the spe
i�
 random utility model whi
h la
ks a dynami
 stru
ture. The poor performan
e of thestati
 model was not unexpe
ted sin
e the relationships between 
hoi
e proportion and response time inStudy 2 again favored a dynami
 approa
h.One important new �nding in Study 2 was that the 
ommon di�eren
e e�e
t also showed up in a proba-bilisti
 way, whi
h was obs
ured in Study 1 probably due to the small sample size. Another possible reasonfor the weak demonstration of the e�e
t was that the spe
i�
 range of delays explored in the 
urrent twostudies might severely abate the e�e
t. Previous resear
h on the 
ommon di�eren
e e�e
t typi
ally involveddelays that di�ered by at least 1 year when human subje
ts were required to indi
ate their preferen
e betweendi�erent payo�s. In order to make the real payment more 
redible to the subje
ts, we intentionally limitedthe range of delay amounts so that they 
ould be ful�lled within 6 months. Consequently, the 
ommondi�eren
e e�e
t might be too weak to bring about a statisti
ally signi�
ant result. It will be helpful to widenthe range of delay amounts in future studies to demonstrate the 
ommon di�eren
e e�e
t in a probabilisti
manner.General Dis
ussionProbabilisti
 nature of intertemporal 
hoi
eIn the past several de
ades, resear
h on intertemporal 
hoi
e has been dominated by the delay dis
ount-ing paradigm whi
h assumes a deterministi
 view on human intertemporal preferen
e. A

ording to theparadigm, when people need to 
hoose between two payo�s o

uring at di�erent points in time, they �rstassign a psy
hologi
al value or subje
tive utility to ea
h option with a spe
i�
 rule or dis
ount fun
tion andthen 
hoose the one with a higher utility. That is to say, given a 
ertain dis
ount fun
tion, the utilities aredeterministi
 and thus people's preferen
e between di�erent intertemporal options. As an important initialstep towards an understanding of intertemporal 
hoi
e, this paradigm has born numerous fruits, in
ludingvarious 
andidates for the dis
ount fun
tion and feasible interpretations of the intertemporal e�e
ts dis
ussedin this arti
le. The main advantage of this perspe
tive lies in its simpli
ity whi
h puts more 
ompli
atedissues aside so that resear
hers 
an fo
us on the most fundamental aspe
ts of the phenomenon.Although the deterministi
 perspe
tive has long been popular among psy
hologists and e
onomists inter-ested in intertemporal 
hoi
e, it is obviously not the only way to look into this important topi
. Consideringthe large amount of eviden
e in favor of the probabilisti
 nature of preferential 
hoi
e shown in this arti
le,it is very likely that intertemporal 
hoi
e is essentially probabilisti
 just like risky 
hoi
e. This importantproperty of intertemporal 
hoi
e, however, has long been negle
ted, expli
itly or impli
itly. For example,previous studies on the form of dis
ount fun
tion usually treated the deviations of a
tual data points fromthe �tting line as non-systemati
 errors and tried to estimate the 
orresponding parameters by minimizingthe sum of sqaured errors. In this way, the emphasis was on the best form of the �tting line while the devia-tions were regarded as a nuisan
e 
omponent whi
h should be eliminated. To the 
ontrary, the probabilisti
nature of intertemporal 
hoi
e revealed in this arti
le implies that the deviations a
tually demonstrated thisinherent property whi
h deserves the same amout of attention as the �tting line itself. Furthermore, the
on
lusions of previous studies on the form of dis
ount fun
tions may also be misleading due to their negle
tof the probabilisti
 nature of intertemporal 
hoi
e. For instan
e, the advantage of the hyperboli
 dis
ountfun
tion over the exponential dis
ount fun
tion in des
ribing empiri
al data (i.e., produ
ing a higher R2)may indeed be the 
onsequen
e of the robustness of the hyperboli
 form against the randomness of humanintertemporal preferen
e. All in all, a probabilisti
 view on intertemporal 
hoi
e may shed new light on this25



substantial resear
h area and therefore 
hange our understanding in a fundamental way.Dynami
 versus stati
 modelsAfter showing the probabilisti
 nature of intertemporal 
hoi
e, a number of models were explored to �nda more 
omprehensive des
ription of the empiri
al data. Spe
i�
ally, eight di�usion models and a randomutility model were tested and 
ompared to one another. Although both types of models are probabilisti
,the di�usion models assume a dynami
 approa
h while the random utility model is still stati
 just liketraditional delay dis
ounting models. The primary advantage of a dynami
 model over a stati
 one lies inits expli
it des
ription of the emotional and 
ognitive pro
esses via whi
h a �nal de
ision is rea
hed. Su
h ades
ription makes dynami
 models more informative than stati
 ones and, as a result, 
apable of predi
ting
hoi
e response time as well. Pra
ti
ally, resear
hers 
an exploit more empiri
al data to examine variousmodels and make more 
onvin
ing 
on
lusions. It is 
lear that both the theoreti
al and pra
ti
al superiorityof a dynami
 model renders it more desirable as a 
andidate model on intertemporal 
hoi
e. The resultsof model 
omparison also suggested that the di�usion models are generally better than the random utilitymodel in �tting the empiri
al 
hoi
e response data. In addition, dynami
 models are always preferable tostati
 ones when response times are of 
on
ern.Attribute-wise versus alternative-wise modelsAnother di�eren
e among the probabilisti
 models lies in their assumption on the order of information sear
hand integration. The six weighted additive di�eren
e models assume an attribute-wise perspe
tive while theother models based on the hyperboli
 dis
ount fun
tion are alternative-wise just like traditional models.An attribute-wise model suggests that people sear
h and 
ompare information on a 
ertain attribute a
rossoptions at a time and then integrate the 
omparison results a
ross di�erent attributes to make a de
ision.On the 
ontrary, an alternative-wise perspe
tive requires that people evaluate the attra
tiveness of a spe
i�
option at a time and then rea
h a 
on
lusion by 
omparing and/or a

umulating the results of evaluation.The results of 
urrent studies suggested that an attribute-wise approa
h is more suitable than an alternative-wise approa
h for des
ribing empiri
al data on intertemporal 
hoi
e. Given the su

ess and popularity of thehyperboli
 dis
ount fun
tion in previous resear
h, however, one may wonder why weighted additive di�eren
emodels are superior to models built upon the dis
ount fun
tion. There are four possible explanations for thisresult. First, as dis
ussed in S
holton and Read (2010), the dis
ounting approa
h was unable to a

ount fora number of anomalies whi
h an attribute-wise model 
an handle. In other words, the hyperboli
 dis
ountfun
tion may be inherently defe
tive as the 
ore of a model on intertemporal 
hoi
e. Se
ond, previousresear
h in favor of the hyperboli
 dis
ount fun
tion only examined the indi�erent pairs and thus ignoring alarge portion of the information in the dataset. While all the data are taken into a

ount as in the 
urrentstudies, the hyperboli
 model may be
ome less useful. Third, the probabilisti
 nature of intertemporal 
hoi
ewas never explored in previous studies on the appropriate form of dis
ount fun
tion and thus the resultantsu

ess under the deterministi
 framework does not ne
essarily means a good model. Finally, almost allthe questions in the 
urrent studies involved two delayed options rather than a 
ombination of immediateand delayed payo�s, but the latter is the typi
al form of questions used in previous resear
h on the formof dis
ount fun
tion. Consequently, an attribute-wise strategy may be more e�
ient and feasible than analternative-wise strategy in this 
ase sin
e the latter requires evaluating dis
ounted utility twi
e. It will bevaluable in the future to explore the performan
e of alternative-wise models when the traditional form ofquestions are asked.Comparison among weighted additive di�eren
e modelsAnother important �nding from model 
omparison is that models involving only dire
t di�eren
es are betterthan models involving relative di�eren
es in general no matter whether they were �tted to 
hoi
e responsedata only or �ited to both 
hoi
e response data and response time data simultaneously. Spe
i�
ally, Models2 and 3 perform better than Models 5 and 6, and Model 1 performs better than Model 4, whi
h performsmost poorly among all the models explored here, in
luding the stati
 random utility model. The su

essof Models 2 and 3 suggest that dire
t di�eren
es are the essential 
omponents people 
onsider when they26



fa
e an intertemporal 
hoi
e, and the inferiority of Models involving relative di�eren
es, espe
ially that ofModel 4, implies that relative di�eren
e itself is not su�
ient to explain human intertemporal preferen
e.In addition, Model 3 �tted the data in Study 1 a little better than Model 2, while Model 2 appeared moredesirable than Model 3 in Study 2. The 
omparability between Models 2 and 3 in terms of the BIC indexsuggests that the s
aling parameter on time may not be an integral part of a good model. Sin
e Study 2was based on a re�ned experimental design, Model 2 should be
ome our 
hoi
e if we want to have a simplemodel with reasonably high a

ura
y.A general framework for explaining the three intertemporal e�e
ts simultane-ouslyIn the result se
tions, we have shown that Models 2, 3, 5 and 6 are able to repli
ate the pattern of 
hangein a
tual 
hoi
e proportion when attribute values were manipulated as required by the three intertemporale�e
ts. In fa
t, Models 2, 3, 5 and 6 all provide a general framework for explaining the delay amounte�e
t, 
ommon di�eren
e e�e
t, and magnitude e�e
t simultaneously. Spe
i�
ally, dire
t di�eren
es involvedin these models set up a basis for a

ounting for the delay amount e�e
t and magnitude e�e
t, whilethe assumption that dire
t di�eren
es are sampled after applying utility fun
tions make them 
apable ofexplaining the 
ommon di�eren
e e�e
t. Besides, we 
an use the relative di�eren
es involved in Models 5and 6 to explain the 
ommon di�eren
e e�e
t as well.Mathemati
ally, the delay amount e�e
t and magnitude e�e
t are equivalent if we treat reward amountand delay amount as two independent and ex
hangeable attributes. This is a
tually one impli
it assumptionof the di�usion models. Therefore, when reward amounts or delay amounts of the two options are in
reasedproportionally, the asso
iated dire
t di�eren
e will in
rease for sure regardless of the spe
i�
 value the relatedutility parameter assumes. This will in turn make the LL options (for magnitude e�e
t) or the SS options(for delay amount e�e
t) more attra
tive. That is to say, it be
omes more likely that the relevant de
isionthreshold will be rea
hed �rst after the attribute values are 
hanged a

ording to the spe
i�
ation of thee�e
ts.On the other hand, Models 2 and 3 o�er an explanation for the 
ommon di�eren
e e�e
t as well whenits utility parameter on time delay is smaller than 1. Under this 
ondition, in
reasing both delays by a
ommon additive 
onstant will redu
e the (subje
tive) dire
t di�eren
e between the delay amounts. Thiswill in turn make the LL option more attra
tive be
ause its disadvantage due to a longer delay is lessened.Sin
e Models 2 and 3 are nested in Models 5 and 6 respe
tively, the same me
hanism 
an be invoked by thelatter to a

ount for the 
ommon di�eren
e e�e
t. Additionally, the relative di�eren
e involved in Models5 and 6 provides another approa
h to explaining the e�e
t, sin
e the relative di�eren
e in delay will alsode
rease if both delays are lengthened by a 
ommon additive 
onstant. All in all, Models 2, 3, 5 and 6 areable to a

ount for all the three important e�e
ts in intertemporal 
hoi
e explored in the 
urrent paper witha single general framework based on eviden
e a

umulation pro
ess. This again demonstrates the power ofdi�usion models in general and DFT models in parti
ular to a

ount for various e�e
ts of preferential 
hoi
esimultaneously.Con
lusionThe 
urrent paper des
ribes two empiri
al studies aimed at demonstrating the probabilisti
 property ofintertemporal 
hoi
e and explores a number of brand-new models to a

omodate this important feature.The results of both studies strongly support the general 
on
lusion that intertemporal 
hoi
e is probabilisti
in nature just like other preferential 
hoi
e. Additionally, di�usion models involving weighted additivedi�eren
e appeared to be better than both the random utility model and the di�usion models built upontraditional hyperboli
 dis
ount fun
tion. More importantly, a 
ouple of weighted additive di�eren
e modelsalso provide a single general framework for the delay amount e�e
t, 
ommon di�eren
e e�e
t, and magnitudee�e
t in intertemporal 
hoi
e simultaneously. Our results also suggest that Model 2 provides a parsimoniousmodel with su�
ient a

ura
y.
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Appendi
esAppendix A - Typi
al questions involved in the 
urrent studiesTo generate a reasonable range of questions for ea
h subje
t, an adjustment pro
edure was utilized at thebeginning of both studies. Consequently, ea
h subje
t answered a unique set of questions. However, due tothe same pro
edure of generating the questions, question sets were similar to one another. Following is atable showing a sample of the questions for a typi
al subje
t in the studies.smaller reward (in dollars) shorter delay (in days) larger reward (in dollars) longer delay (in days)Delay amount e�e
t 20 1 34 320 1 35 321 1 34 321 1 35 320 2 34 620 2 35 621 2 34 621 2 35 6... ... ... ...20 40 34 12020 40 35 12021 40 34 12021 40 35 120Common di�eren
e e�e
t 23 1 31 4123 1 32 4124 1 31 4124 1 32 4123 2 31 4223 2 32 4224 2 31 4224 2 32 42... ... ... ...23 40 31 8023 40 32 8024 40 31 8024 40 32 80Magnitude e�e
t 1 7 2 831 7 2 841 8 2 831 8 2 842 7 4 832 7 4 842 8 4 832 8 4 84... ... ... ...40 7 80 8340 7 80 8440 8 80 8340 8 80 84Appendix B - Details of the model �tting pro
edureThe �rst step in the �tting pro
ess was to prune the data for ea
h individual in terms of response time so thatoutliers were ex
luded from further analyses. Spe
i�
ally, any question with a response time shorter than30



1500ms or longer than 10000ms was removed. We set the lower bound to ensure that subje
ts had su�
ienttime to sample all the information presented on the s
reen, and 
hose the upper bound to avoid the e�e
t ofextremely long response times on parameter estimation when response time was taken into a

ount. It turnedout that most response times were below the upper bound. For the weighted additive di�eren
e models,the attentional weight parameters were 
onstrained between .05 and .95 to avoid extreme values that werepra
ti
ally meaningless. Besides, the utility parameters for dire
t di�eren
es were limited between .01 and 2and those for relative di�eren
es were no smaller than .01. Sin
e obje
tive relative di�eren
es tend to be quitesmall in value 
ompared with obje
tive dire
t di�eren
es, no upper limit was applied to the utility parametersfor relative di�eren
es so that di�erent types of subje
tive di�eren
es 
ould be equally in�uential. For all thedi�usion models, both de
ision threshold, θ, and initial position, z, were set as proportional to the di�usionparameter, σ, and the proportional 
onstants, θ∗ and z∗, were the a
tual free parameters we estimated. Thisis a 
ommon pra
ti
e when DFT models are implemented. Furthermore, the non-de
isional 
omponent ofresponse time, Ter, was 
onstrained by an upper limit equal to the shortest response time produ
ed by anindividual when the data of that individual were �tted. For the di�usion models and random utility modelbased on the hyperboli
 dis
ount fun
tion, the utility parameter, α, was limited between .01 and 2, thedis
ounting parameter, k, was no smaller than .0001, and the variability parameter, σ, 
ould assume anypositive value. With these limitations in pla
e, the nine models were �tted to individual 
hoi
e responsedata and/or response time data and maximum-likelihood estimation was utilized to �nd the best parametervalues. In addition, the BIC index was 
al
ulated for ea
h model and subje
t so that model 
omplexity 
ouldbe taken into a

ount when models were 
ompared to one another.Appendix C - Proof of the delay amount e�e
t as an indi
ation of the sto
hasti
nature of intertemporal 
hoi
eIn both studies, it was found that 
hoi
e proportions of the LL options 
hanged gradually when delayamounts were in
reased in a proportional way. This was interpreted as a demonstration of the probabilisti
nature of intertemporal 
hoi
e. We will show the validity of this dedu
tion by proving its 
onverse-negativeproposition, that is, a deterministi
 approa
h entails an abrupt 
hange in 
hoi
e proportion under this
ir
umstan
e given either the exponential dis
ount fun
tion or the hyperboli
 dis
ount fun
tion. We willalso show that the 
onverse-negative proposition is still true even if the magnitude e�e
t is taken into a

ount.First of all, Suppose a de
ision maker is indi�erent between two intertemporal options, (va, ta) and (vb, tb),and 0 < va < vb, 0 < ta < tb. A

ording to the exponential dis
ount fun
tion whi
h assumes a deterministi
perspe
tive, we have
U(va,ta) = va × δta = vb × δtb = U(vb, tb)in whi
h U(·, ·) represents the dis
ounted subje
tive utility of an option and 0 < δ < 1. If both delays aremultiplied by a 
onstant m greater than 1, the new SS option, (va,mta) will be more preferable to the newLL option, (vb,mtb), sin
e

U(va,mta) = va × δmta = va × δta × δ(m−1)ta = vb × δtb × δ(m−1)ta

> vb × δtb × δ(m−1)tb = vb × δmtb = U(vb,mtb)When the magnitude e�e
t is taken into a

ount, the same result will o

ur given the exponential dis
ountfun
tion. In this 
ase, the magnitude e�e
t requires that 0 < δa < δb < 1 sin
e va < vb, and the indi�eren
ebetween the two options implies that
U(va, ta) = va × δtaa = vb × δtbb = U(vb, tb)Be
ause va < vb, we have δtaa > δtbb . Consequently, for the new pair of options (va,mta) and (vb,mtb),

U(va,mta) = va × δmta
a = va × δtaa × δ(m−1)ta

a = vb × δtbb × (δtaa )m−131



> vb × δtbb × (δtbb )m−1 = vb × δmtb
b = U(vb,mtb)In other words, the new SS option will again be preferred over the new LL option.For the hyperboli
 dis
ount fun
tion, the indi�eren
e between (va, ta) and (vb, tb) implies that

U(va, ta) =
va

1 + kta
=

vb
1 + ktb

= U(vb, tb)and thus
va
vb

=
1 + kta
1 + ktbWhen both delays are in
reased proportionally,

U(va,mta)

U(vb,mtb)
=

va/(1 + kmta)

vb/(1 + kmtb)
=

1 + kta
1 + ktb

×
1 +mktb
1 +mkta

=
1 + k(ta +mtb) +mk2tatb
1 + k(tb +mta) +mk2tatbBe
ause ta < tb and m > 1, we have ta + mtb > tb + mta. Therefore, U(va,mta)

U(vb,mtb)
= 1+k(ta+mtb)+mk2tatb

1+k(tb+mta)+mk2tatb
isgreater than 1, indi
ating that the new SS option is preferable to the new LL option. When the magnitudee�e
t is taken into a

ount, the indi�eren
e implies that

U(va, ta) =
va

1 + kata
=

vb
1 + kbtb

= U(vb, tb)Be
ause va < vb,we have 1 + kata < 1 + kbtb and thus kata < kbtb. Consequently,
U(va,mta)

U(vb,mtb)
=

va/(1 + kamta)

vb/(1 + kbmtb)
=

1 + kata
1 + kbtb

×
1 +mkbtb
1 +mkata

=
1 + (kata +mkbtb) +mkakbtatb
1 + (kbtb +mkata) +mkakbtatb

> 1sin
e kata + mkbtb > kbtb + mkata. All in all, in
reasing both delays proportionally will make the SSoption more attra
tive, given people are indi�erent between the original pair. Similar reasoning 
an beinvoked for the situation where the original pair of options are not equally appealing. In this 
ase, theratio of dis
ounted utilities will in
rease when both delays are in
reased proportionally. The monotoni

hange pattern guarantees that, when both delays are in
reased in a proportional way, there exists onlyone 
uto� point on the shorter delay amount (or equivalently on the longer delay amount) at whi
h peopleare indi�erent between the SS and LL options. Besides, for any pair with shorter delays, the SS optionshould be 
hosen, and for any pair with longer delays, the LL option should be 
hosen. That is to say,
hoi
e probability of the LL option should 
hange from 1 to 0 at the 
uto� point. When similar questionsare 
ombined into subgroups as in 
urrent studies, only one subgroup 
an have a 
hoi
e proportion that isbetween 0 and 1 given a deterministi
 view on intertemporal 
hoi
e. Sin
e most subje
ts did not produ
ethis pattern, the probabilisti
 nature of intertemporal 
hoi
e is self-evident.A
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